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a b s t r a c t
In a breakthrough work, Marcus et al. [1] recently showed
that every d-regular bipartite Ramanujan graph has a 2-lift
that is also d-regular bipartite Ramanujan. As a consequence,
a straightforward iterative brute-force search algorithm leads
to the construction of a d-regular bipartite Ramanujan graph
on N vertices in time 2O(dN ) . Shift k-lifts studied in [2] lead to
a natural approach for constructing Ramanujan graphs more
eﬃciently. The number of possible shift k-lifts of a d-regular
n-vertex graph is knd/2 . Suppose the following holds for k =
2Ω(n) :
There exists a shift k-lift that maintains the Ramanujan
property of d-regular bipartite graphs
on n vertices for all n.

()

Then, by performing a similar brute-force algorithm, one
would be able to construct an N -vertex bipartite Ramanujan
2
graph in time 2O(d log N ) . Also, if () holds for all k ≥ 2,
then one would obtain an algorithm that runs in poly(N d )
time. In this work, we take a ﬁrst step towards proving ()
by showing the existence of shift k-lifts that preserve the
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Ramanujan property in d-regular bipartite graphs for k = 3
and for k = 4.
© 2017 Elsevier Inc. All rights reserved.

1. Introduction
Expander graphs have generated much interest during the last several decades in
many areas such as network design, cryptography, complexity theory and coding theory.
The ability to eﬃciently construct expander graphs has widespread applications [3–10].
Sparse expander graphs are signiﬁcant from the perspective of these applications. In
particular, the expansion properties of regular graphs have been well-studied. Let |λ1 | ≥
|λ2 | ≥ |λ3 | ≥ . . . ≥ |λn | be the eigenvalues of the adjacency matrix AG of a graph G on
n vertices. For d-regular graphs G, we know that λ1 is d and it is known as the trivial
eigenvalue. For d-regular bipartite graphs G, we know that λ1 = d, λ2 = −d and they are
known as trivial eigenvalues. A large diﬀerence between d and the largest (in absolute
value) non-trivial eigenvalue λ of AG implies better expansion. By the Alon–Boppana
√
bound [11], we have that λ ≥ 2 d − 1 − o(1) as the graph size increases. Consequently,
√
graphs with λ ≤ 2 d − 1 are optimal expanders. Such graphs are known as Ramanujan
graphs.
Until recently, Ramanujan graphs were known to exist only for very restricted values
of the degree d [12–17]. In a breakthrough work, Marcus et al. [1] showed the existence
of an inﬁnite family of d-regular bipartite Ramanujan graphs for every d ≥ 2. The
work used a graph operation known as a 2-lift that was introduced by Bilu and Linial
[18]. The 2-lift operation doubles the size of the graph while preserving the d-regular and
bipartiteness properties. Marcus et al. showed that there exists a 2-lift that also preserves
the Ramanujan property of every Ramanujan base graph. Thus, their result shows the
existence of an inﬁnite family of d-regular bipartite Ramanujan graphs containing N
vertices, where N = 2i n for every i = 0, 1, 2, . . ., and n is the number of vertices in
an arbitrary d-regular bipartite Ramanujan graph. In particular, the complete bipartite
graph on 2d vertices, Kd,d , is a d-regular bipartite Ramanujan graph that can be used
as the base graph with n vertices. The best currently-known algorithm for constructing
an N -vertex Ramanujan graph for arbitrary degree d following the existential proof of
Marcus et al. [1] is by a brute-force search: Start with Kd,d as the base graph and
iteratively ﬁnd a 2-lift of the current graph such that all the new eigenvalues of the lifted
√
graph are at most 2 d − 1; in order to obtain an N -vertex graph, we need to perform
log2 (N/2d) iterations. The running time of the algorithm is dominated by the brute-force
search over 2O(dN ) possible 2-lifts in the ﬁnal iterative step (along with a poly(N )-time
√
check for each possible 2-lift to verify whether the eigenvalues are all ≤ 2 d − 1).
The family of shift k-lifts gives a natural approach for a faster construction of an
N -vertex d-regular bipartite Ramanujan graph. An extension of the 2-lift operation, the
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shift k-lift is a graph operation that increases the number of vertices of a graph by a factor
of k while preserving the d-regular and bipartiteness properties of the base graph. The
existence of a shift k-lift that maintains the Ramanujan property of d-regular bipartite
graphs on n vertices for k = 2Ω(n) is suﬃcient to construct, for all N , an N -vertex
2
bipartite Ramanujan graph in time 2O(d log N ) by a straightforward brute-force search:
Again, start with a (log N )-vertex Ramanujan graph as the base graph and do one shift
lift for k = N/ log N . The (log N )-vertex Ramanujan base graph can be obtained by
starting from Kd,d and repeating the same construction recursively (or by repeatedly
ﬁnding admissible 2-lifts).
Furthermore, we note that if there exists a shift k-lift of any d-regular bipartite Ramanujan graph that preserves the Ramanujan property for every k ≥ 2, then it leads
2
to an algorithm to obtain Ω(N )-vertex bipartite Ramanujan graphs in time (N/d)O(d ) ,
i.e., polynomial in N . In fact, the algorithmic construction is to just perform a single
brute-force search to ﬁnd an admissible shift k-lift of Kd,d for k = O(N/d).
In this work, we take a ﬁrst step towards the existence of shift k-lifts that maintain
the Ramanujan property by showing it for k = 3 and k = 4. We note that the case of
k = 3 was also shown simultaneously in [19]. While our proof shows the existence of shift
3-lifts and shift 4-lifts preserving the Ramanujan property, it does not generalize beyond
k = 4. It remains open to understand whether there exist shift k-lifts preserving the
Ramanujan property for k ≥ 5, both for constant k as well as k growing as a function of
the size of the base graph.
Related work In a follow-up to their work showing the existence of an inﬁnite sequence of
bipartite Ramanujan simple graphs of arbitrary degree [1], Marcus et al. also showed the
existence of an inﬁnite sequence of bipartite Ramanujan multigraphs of arbitrary degree
[20]. Cohen derandomized the latter proof to give an eﬃcient deterministic polynomialtime algorithm to construct bipartite Ramanujan multigraphs. It still remains open to
construct bipartite Ramanujan simple graphs eﬃciently and this is the main purpose
of the above suggested algorithm. We also mention the work of Hall et al. [21] who
generalized the results of Marcus et al. [1] to arbitrary k-lifts: for every k ≥ 1 and for
every d-regular bipartite Ramanujan graph, there exists a k-lift that is also Ramanujan.
However, the number of k-lifts is much larger than the number of shift k-lifts and hence,
the family of k-lifts are not conducive for eﬃcient algorithms via brute-force search.
Subsequent to the appearance of our results in arXiv, Hall et al. [22] showed that it
is impossible for any d-regular bipartite Ramanujan graph to have a k-lift that is also
Ramanujan for every k ≥ 1 (see Remark 1.14 in [22]). Agarwal et al. [2] derived an upper
bound on k (that is exponential in the size of the base graph) for which every shift k-lift
could be Ramanujan.
Organization Section 1.1 provides an overview of the main theorem along with the
deﬁnitions as well as the main ideas that will be used in the proof. Section 1.2 gives
the deﬁnitions, notation and some of the results that will be used in the proof of the
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main result. Section 2 shows that the expected characteristic polynomial for uniformly
random shift 3-lifts is the matching polynomial of the base graph, whose roots are wellbehaved. Section 3 proves that the expected characteristic polynomial for a subset of
uniformly random shift 4-lifts is once again the matching polynomial of the base graph.
Subsequently, Section 4 uses the results of the previous sections along with the method
of interlacing polynomials to prove the main theorem. Finally, Section 5 discusses the
main result and possible extensions to consider.
1.1. Main results
The maximum and minimum eigenvalues of the adjacency matrix of a d-regular bipartite graph G are d and −d. These eigenvalues are known as the trivial eigenvalues
of G. A d-regular graph G is known to be Ramanujan if every non-trivial eigenvalue
√
√
of the adjacency matrix of G lies between −2 d − 1 and 2 d − 1. A k-lift of a graph
G = (V, E) is a graph H obtained as follows: orient the edges of G arbitrarily and let E
denote the oriented set of edges; for each vertex v ∈ V , introduce k vertices v 1 , . . . , v k
in H; and for each edge (u, v) ∈ E, pick a permutation σuv ∈ Sk and add edges ui v σuv (i)
to H. We consider a strict subset of k-lifts known as shift k-lifts as deﬁned by Agarwal
et al. [2]. Shift k-lifts are those lifts for which the permutation for every edge corresponds to a shift permutation, namely, there exists a shift function s : E → [k] such that
σuv (i) = (i + s(u, v)) mod k for all (u, v) ∈ E. We will often refer to a shift k-lift by its
shift function s : E → [k].
Our main result is stated below.
Theorem 1. If G = (V, E) is a d-regular bipartite Ramanujan graph, then there exist a
shift 3-lift and a shift 4-lift of G, both of which are also d-regular, bipartite, and Ramanujan.
Remark 1. We note that our result for shift 4-lift is not an immediate consequence of
Marcus et al.’s result showing the existence of a 2-lift that preserves the Ramanujan
property. The set of shift 4-lifts cannot be obtained by considering 2-lifts of 2-lifts. The
number of possible 4-lifts of a graph containing a single edge is 4, while the number of
possible 2-lifts of 2-lifts of the same graph is 8. Also, shift 4-lifts are not a strict subset
of 2-lifts of 2-lifts (see Figs. 1 and 2).

Remark 2. For any ﬁxed shift k-lift, the spectrum of the lifted graph is the union of
the eigenvalues of the adjacency matrix of G and k − 1 other matrices (see Theorem 2).
Using the technique of Marcus et al., it is easy to show that for each of these matrices,
√
there is a shift that ensures that the eigenvalues of that matrix are ≤ 2 d − 1. The main
contribution of this work is showing the existence of a shift that bounds the eigenvalues
of several matrices simultaneously.
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Fig. 1. The four possibilities that can be obtained by considering shift 4-lifts of a single edge.

Fig. 2. The eight possibilities that can be obtained by considering 2-lifts of 2-lifts of a single edge.

It is straightforward to verify that k-lifts preserve the d-regular and bipartiteness
properties. Our main goal is to show the existence of a shift 3-lift and a shift 4-lift
that preserves the Ramanujan property. Similar to Marcus et al. [1], we note that if
λ is an eigenvalue of the lift, then −λ is also an eigenvalue of the lift since the lift is
also bipartite. Consequently, it suﬃces to show that there exists a lift whose largest
√
non-trivial eigenvalue is at most 2 d − 1.
1.2. Preliminaries
Let G = (V, E) be the base graph, with |V | = n and |E| = m. We identify the vertices
of G with the elements of {1, 2, . . . , n} and the edges of G by e1 , . . . , em . Let us ﬁx
1, 2, . . . , n to be the ordering of the vertices in the graph and orient the edges as (u, v)
if u < v. For notational convenience, we will use E to denote such an orientation of the
edges henceforth. Let E r denote the set of edges obtained by reversing all orientations.
Recall that a shift k-lift of G can be described by a shift function s : E → {0, 1, . . . , k −1}
on the oriented edges E. We extend the shift function to the reversely oriented edges
s : E∪E r → {0, 1, . . . , k−1} by deﬁning s(u, v) := −s(v, u) (mod k) for every (u, v) ∈ E r .
Thus, a shift function s satisﬁes s(u, v) ≡ −s(v, u) (mod k) for any edge (u, v) ∈ E.
The eigenvalues of the adjacency matrix of a shift k-lift of G can be characterized by
the eigenvalues of k matrices [23,2]. Let A denote the adjacency matrix of G, and let s
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be the shift function for a shift k-lift. Now for a variable t, deﬁne the following n × n
matrix As (t):

As (t)[i, j] =

if Aij = 0,

0
t

s(i,j)

if Aij = 1.

Theorem 2. [23,2] Let H denote the shift k-lift obtained from G using the shift function
s. Then, the eigenvalues of the adjacency matrix of H are the union of the eigenvalues of
the matrices (As (ω i ))i=0,1,...,k−1 , where ω corresponds to a primitive k-th root of unity.
We deﬁne a matching in G to be a set M = {(u1 , v1 ), (u2 , v2 ), . . . , (ur , vr )} of edges
such that no vertex is incident with more than one edge in M . A perfect matching is a
matching in which each vertex is incident with exactly one edge.
Deﬁnition 3. The matching polynomial of a graph G on n vertices is
n/2

μG (x) :=



(−1)k mk xn−2k ,

k=0

where mk is the number of matchings in G with exactly k edges.
We need the following result about the roots of the matching polynomial.
Theorem 4. [24] If G is a d-regular graph, then the matching polynomial, μG (x), is
√
real-rooted and its maximum root is at most 2 d − 1.
The family of 2-lifts is identical to the family of shift 2-lifts. We need the following
result showing the existence of 2-lifts whose new eigenvalues satisfy the Ramanujan
bound.
Theorem 5. [1] If G is a d-regular bipartite graph, then there exists a 2-lift of G such
√
that all new eigenvalues of the adjacency matrix of the lift are at most 2 d − 1.
We also need the following result showing the real-rootedness of the expected characteristic polynomial of a matrix obtained as the sum of rank one matrices, where the
rank one matrices are chosen according to a product distribution (we use a∗ to denote
the conjugate transpose of a).
Theorem 6 (Corollary 4.4 in [25]). Let H be a ﬁnite set, arj ∈ Cn , prj ∈ [0, 1] for

j ∈ [m], r ∈ H such that r∈H prj = 1 ∀j ∈ [m]. Then every polynomial of the form
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P (x) :=


t1 ,...,tm ∈H

⎛
⎝



⎞



⎡

prj ⎠ det ⎣xI +

r∈H j∈[m]:tj =r



⎤



arj (arj )∗ ⎦

r∈H j∈[m]:tj =r

is real rooted.
n−1
We need the notion of common interlacing. We say that a polynomial g(x) = i=1 (x−
n
αi ) interlaces a polynomial f (x) = i=1 (x − βi ) if βi ≤ αi ≤ βi+1 for every i =
1, . . . , n − 1.We say that a family of univariate polynomials f1 (x), f2 (x), . . . , fr (x) have
a common interlacing if there exists a polynomial g(x) such that g(x) interlaces fi (x)
for every i ∈ [r].
We deﬁne Sk to be the symmetric group on k, i.e., the group of permutations of
{1, 2, . . . , k}. Furthermore, for a ﬁnite set T , we will deﬁne sym(T ) to be the set of
permutations of T . Also, for a permutation π, we let sgn(π) denote the sign of π (+1 if
π is even, and −1 if π is odd).
2. Shift 3-lifts and the matching polynomial
By Theorem 2, it is suﬃcient to show that there exists a shift function s : E →
√
{0, 1, 2} such that the eigenvalues of As (ω) and As (ω 2 ) are at most 2 d − 1, where ω is
a cube root of unity. We ﬁrst observe that As (ω) = As (ω 2 )T . Since the determinant of
a matrix is preserved under the transpose operation, the characteristic polynomials of
both matrices are identical. Thus, it suﬃces to show that there exists a shift s such that
√
the largest eigenvalue of As (ω) is at most 2 d − 1. The rest of the proof technique is a
natural extension of the one by Marcus et al. [1]. We work out the details for the sake
of completeness.
We ﬁrst show that the expected characteristic polynomial of As (ω), where the shift
values s(u, v) for all edges (u, v) ∈ E are chosen uniformly at random from {0, 1, 2}, is
the matching polynomial for G.
Lemma 7. Let s(e) be chosen uniformly at random from {0, 1, 2} for every edge e in G
independently. Then, Es (det[xI − As (ω)]) = μG (x).
Proof. We will exploit the independence of the upper-diagonal entries in As (ω). For
notational convenience, let Bs (x) = xI − As (ω), and let Bs (x)u,v denote the (u, v) entry
of Bs (x). Then, note that
⎛
Es (det[xI − As (ω)]) = Es ⎝



π∈Sn

=


π∈Sn

n


sgn(π) ·

j=1

⎛

sgn(π) · Es ⎝

n


j=1

⎞
Bs (x)j,π(j) ⎠
⎞
Bs (x)j,π(j) ⎠ .

(1)
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Let (u, v) be an edge in G. Suppose π is a permutation such that π(u) = v but π(v) = u,
then
⎛
Es ⎝

n


⎞

⎛

Bs (x)j,π(j) ⎠ = Es (Bs (x)u,v ) · Es ⎝

j=1



⎞
Bs (x)j,π(j) ⎠

j=u

⎛

= Es(u,v) (ω s(u,v) ) · Es ⎝
⎛



⎞
Bs (x)j,π(j) ⎠

j=u

⎞

ω0 + ω1 + ω2
· Es ⎝
Bs (x)j,π(j) ⎠
=
3
j=u

= 0.
Similarly, if π is a permutation satisfying π(v) = u but π(u) = v, then
⎛
Es ⎝

n


⎞
Bs (x)j,π(j) ⎠ = 0.

j=1

Thus, the only permutations for which the expectation on the right hands side of (1)
is non-zero are those π that correspond to matchings: There exists a matching M such
that for every edge (u, v) ∈ M , we have π(u) = v and π(v) = u and for every vertex
w ∈ V which is not adjacent to any of the edges in M , we have π(w) = w. Moreover, if
π corresponds to a matching M = {(u1 , v1 ), (u2 , v2 ), . . . , (ut , vt )}, then
⎛
Es ⎝

n


⎞
Bs (x)j,π(j) ⎠ = xn−2t ·

j=1

t




Es Bs (x)uj ,vj · Bs (x)vj ,uj

j=1

= xn−2t ·

t




Es ω s(uj ,vj ) · ω −s(uj ,vj )

j=1

= xn−2|M | .
Thus, from (1), we conclude that


Es (det[xI − As (ω)]) =

sgn(π) · xn−2|M |

π ∈ Sn corresponds to a matching M



=

π ∈ Sn corresponds to a matching M
n/2

=



k=0

(−1)k mk xn−2k

(−1)|M | xn−2|M |
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= μG (x),
2

where mk is the number of matchings in G with exactly k-edges.
3. Shift 4-lifts and the matching polynomial

For the case of shift 4-lifts, it is suﬃcient to show that there exists a shift function s :
√
E → {0, 1, 2, 3} such that the eigenvalues of As (i), As (−1), As (−i) are at most 2 d − 1,
where i is the complex square root of −1. Once again, we note that As(i) = As (−i)T for
any ﬁxed shift function s. Therefore, it suﬃces to show the existence of a shift function
√
s : E → {0, 1, 2, 3} for which the eigenvalues of As (−1) and As (i) are at most 2 d − 1.
We show the existence of a shift that satisﬁes the eigenvalue bound for both matrices
simultaneously by a two-step procedure: Using the result of Marcus et al., we have a
shift function b : E → {0, 1} corresponding to a shift 2-lift such that the eigenvalues of
√
Ab (−1) are at most 2 d − 1. We then show that there exists an s : E → {0, 2} such
√
that for s = s + b, the eigenvalues of As (i) are at most 2 d − 1. It is straightforward

to verify that As (−1) = Ab (−1) since for any edge (u, v) ∈ E, we have (−1)s (u,v) =
(−1)s(u,v)+b(u,v) = (−1)b(u,v) , using the fact that s(u, v) ∈ {0, 2}. We thus have a shift
4-lift given by the shift function s : E → {0, 1, 2, 3} such that the eigenvalues of As (−1)
√
and As (i) are at most 2 d − 1, thereby giving us the desired conclusion.
We now proceed to show that for any ﬁxed b : E → {0, 1}, the expected characteristic
polynomial of As+b (i), where s is chosen uniformly at random over the function space
{E → {0, 2}}, is the matching polynomial.
Lemma 8. Given b : E → {0, 1}, let s : E → {0, 2} be chosen uniformly at random from
{E → {0, 2}}, and set s = s + b. Then,
Es (det[xI − As (i)]) = μG (x).
Proof. We use the Leibniz expansion of the characteristic polynomial:
Es (det[xI − As (i)])


n


= Es
sgn(σ) ·
(xI − As (i))u,σ(u)
u=1

σ∈Sn

=

n


xn−k

k=0


T ⊆[n],|T |=k



(−1)k

σ∈sym(T )
σ(u)=u ∀u∈T


sgn(σ) · Es




As (i)u,σ(u)

u∈T

Now we observe that

Es (As (i)u,v ) = Es (As+b (i)u,v ) =

0

if (u, v) ∈
/ E,

Es(u,v) (is(u,v)+b(u,v) )

if (u, v) ∈ E.

.

(2)
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Moreover, for (u, v) ∈ E,
Es(u,v) (is(u,v)+b(u,v) ) = ib(u,v) Es(u,v)∈{0,2} (is(u,v) ) = ib(u,v) · 0 = 0.
Since the values s(u, v) for diﬀerent edges (u, v) are independent, we have that

Es




As (i)u,σ(u)

=0

u∈T

if σ(σ(u)) = u for any u ∈ T . Therefore, the only non-zero terms in the sum (2) are
the ones corresponding to permutations σ ∈ sym(T ) such that σ(σ(u)) = u for all
u ∈ T and also σ(u) = u for all u ∈ T . We note that such a σ corresponds to a
perfect matching M = {(uj1 , vj1 ), (uj2 , vj2 ), . . . , (uj|T |/2 , vj|T |/2 )} over the vertices of T =
{uj1 , . . . uj|T |/2 , vj1 , . . . vj|T |/2 } using the edges of G, i.e., σ(ujk ) = vjk and σ(vjk ) = ujk
for every k ∈ {1, 2, . . . , |T |/2}. In this case,

Es




As (i)u,σ(u)

|T |/2



=

u∈T



Es As (i)ujk ,σ(ujk ) · As (i)vjk ,σ(vjk )

k=1
|T |/2



=



Es As+b (i)ujk ,vjk · As+b (i)vjk ,ujk

k=1
|T |/2



=



Es is(ujk ,vjk )+b(ujk ,vjk ) · is(vjk ,ujk )+b(vjk ,ujk )

j=1
|T |/2



=

Es (1) = 1.

j=1

The penultimate equality is because s(vj , uj ) = −s(uj , vj ) and b(vj , uj ) = −b(uj , vj ) by
the extension of the functions as deﬁned for oriented edges in Section 1.2.
Consequently, we have that
Es (det[xI − As (i)]) =

n


xn−k

=

xn−k


T ⊆[n],|T |=k

k=0



(−1)k

T ⊆[n],|T |=k

k=0
n




sgn(σ)

σ∈sym(T ):
σ(σ(u))=u,σ(u)=u ∀u∈T



(−1)k

(−1)|T |/2

M :M is a perfect
matching over the vertices T

n/2

=



(−1)j mj xn−2j = μG (x),

j=0

where mk is the number of matchings in G with exactly k-edges.

2
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4. Interlacing families
We proceed in a fashion similar to the proof technique of Marcus et al. Let b : E →
{0, 1} be the shift function for some 2-lift. For a shift function s : E → {0, 1, . . . , k − 1},
we will use the shorthand notation sj := s(ej ) for 1 ≤ j ≤ m. For a ﬁxed b, shift function
s, and t ∈ C, we deﬁne
fs(b,t)
(x) := det[xI − Ab+s (t)]
1 ,...,sm
We will also need to ﬁx a set H from which we can choose shift values. For the case of
shift 3-lifts, we will consider b as the shift function that maps each edge to zero, and we
will also set H = {0, 1, 2} and t = ω = e2πi/3 . For the case of shift 4-lifts, we will need
√
to consider arbitrary b, and we will also set H = {0, 2} and t = i = −1.
Now, we deﬁne a family of polynomials: For every k ∈ {1, . . . , m − 1} and every ﬁxed
partial assignment s1 , . . . , sk ∈ H for s, let

fs(b,t)
(x) :=
fs(b,t)
(x),
1 ,...,sk
1 ,...,sm
sk+1 ,...,sm ∈H
(b)

i.e., the sum of fs1 ,...,sm (x) over all possible shift functions s taking values in H that
agree with the partial assignment for the ﬁrst k edges. Also let

(b,t)
f∅ (x) :=
fs(b,t)
(x).
1 ,...,sm
s1 ,...,sm ∈H

Also, for ease of notation, we will omit
function that is zero on all edges, i.e.,
(t)
(b,t)
f∅ = f∅ , where b : E → {0, 1} is the
We need the following theorem that
family of polynomials deﬁned above.

b whenever b is understood to be the constant
(t)
(b,t)
fs1 ,...,sk := fs1 ,...,sk for any k = 1, . . . , m and
function deﬁned by b(e) = 0 for all e ∈ E.
shows the existence of a favorable path in the

Theorem 9 (Theorem 4.4 in [1]). Fix b : E → {0, 1} and t ∈ C. Suppose that for every
k = 0, 1, . . . , m − 1 and every s1 , . . . , sk ∈ H, the polynomials


(x)
fs(b,t)
1 ,...,sk ,sk+1 =r
r∈H

have positive leading coeﬃcients, are real-rooted and have a common interlacing. Then,
(b,t)
there exists s1 , . . . , sm ∈ H such that the largest root of fs1 ,...,sm (x) is at most the largest
(b,t)
root of f∅ (x).
We need the following result to show the existence of a common interlacing.
Lemma 10 (Corollary 1.36 in [26]). Let f1 , . . . , ft be univariate polynomials of degree n
t
such that, for all α1 , . . . , αt that are non-negative, the sum r=1 αr fr has all real roots.
Then (fr )r∈{1,...,t} have a common interlacing.
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Multiplication by a non-zero constant does not change the roots of a polynomial.
Hence, an equivalent condition to the one in the hypothesis of Lemma 10 is that for
t

every non-negative p1 , . . . , pt such that r=1 pr = 1, the sum polynomial r∈H pr fr
has all real roots.
The following lemmas prove the hypothesis of Theorem 9 for the cases of shift 3-lifts
and shift 4-lifts.
Lemma 11. Fix t = ω = e2πi/3 . For every k = 0, 1, . . . , m − 1, every s1 , . . . , sk ∈ {0, 1, 2},
and every non-negative α0 , α1 , α2 such that α0 + α1 + α2 = 1, the polynomial


αsk+1 fs(t)
(x)
1 ,...,sk ,sk+1

sk+1 ∈{0,1,2}

has all real roots.
Proof. We will use Theorem 6 with appropriately chosen arj and prj , for j ∈ E and
r ∈ H = {0, 1, 2}. Fix k ∈ {0, 1, . . . , m − 1}, partial assignment s1 , . . . , sk ∈ {0, 1, 2} and
values α0 , α1 , α2 ≥ 0 such that α0 + α1 + α2 = 1. Now, for edge j = (u, v), we take
a0j = eu − ev , a1j = eu − ω 2 ev , a2j = eu − ωev , where eu ∈ Rn is the indicator vector of
vertex u. Moreover, we will take
⎧
⎪
1
⎪
⎪
⎪
⎨0
prj =
⎪
⎪αr
⎪
⎪
⎩
1/3

if j ≤ k, sj = r
if j ≤ k, sj ∈ {0, 1, 2} \ {r}
if j = k + 1,
if j ≥ k + 2,

for r ∈ {0, 1, 2}. For this setting, we have
⎛


3m−(k+1) P (x) = 3m−(k+1)

t1 ...,tm ∈{0,1,2}

⎜  0  1  2 ⎟ (t)
⎜
pj
pj
pj ⎟
⎝
⎠ ft1 ...,tm (x + d)
j∈[m]:
tj =0

⎛
=


t1 ...,tk+1 ∈{0,1,2}

⎜
⎜
⎝

⎛
=


t1 ...,tk ∈{0,1,2}

⎞





p0j

j∈[k+1]:
tj =0

j∈[m]:
tj =1

p1j

j∈[k+1]:
tj =1

j∈[m]:
tj =2

⎞



⎟ (t)
p2j ⎟
⎠ ft1 ...,tk+1 (x + d)

j∈[k+1]:
tj =2

⎞

2
⎜  0  1  2⎟ 
(t)
⎜
⎟
·
p
p
p
αr ft1 ,...,tk ,sk+1 =r (x + d)
j
j
j⎠
⎝
j∈[k]:
tj =0

j∈[k]:
tj =1

(t)

j∈[k]:
tj =2
(t)

r=0

= α0 fs1 ...,sk ,sk+1 =0 (x + d) + α1 fs1 ...,sk ,sk+1 =1 (x + d)
(t)

+ α2 fs1 ...,sk ,sk+1 =2 (x + d).
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By Theorem 6, we know that P (x) is real-rooted. Hence, P (x − d) is also real-rooted
and we have the conclusion. 2
√
Lemma 12. Fix t = i = −1. For every k = 0, 1, . . . , m − 1, every choice of b1 , . . . , bm ∈
{0, 1}, every partial assignment s1 , . . . , sk ∈ {0, 2}, and every non-negative α0 , α2 such
that α0 + α2 = 1, the polynomial
(b,t)

(b,t)

α0 fs1 ,...,sk ,sk+1 =0 (x) + α2 fs1 ,...,sk ,sk+1 =2 (x)
has all real roots.
Proof. We will use Theorem 6 with appropriately chosen arj and prj , for j ∈ E and r ∈
H = {0, 2}. Fix k ∈ {0, 1, . . . , m − 1}, partial assignment s1 , . . . , sk ∈ {0, 2}, preliminary
assignment b1 , . . . , bm ∈ {0, 1} and values α0 , α2 ≥ 0 such that α0 + α2 = 1. For edge
j = (u, v), we take a0j = eu − (−i)b(u,v) ev and a2j = eu + ib(u,v) ev , where eu ∈ Rn is the
indicator vector of vertex u. Moreover, we will take
⎧
⎪
1
⎪
⎪
⎪
⎨0
prj =
⎪
⎪αr
⎪
⎪
⎩
1/2

if j ≤ k, sj = r
if j ≤ k, sj ∈ {0, 2} \ {r}
if j = k + 1,
if j ≥ k + 2,

for r ∈ {0, 2}. For this setting, we have
⎛



⎝
P (x) =
p0j
t1 ...,tm ∈{0,2}

=

=

1
2m−(k+1)

j∈[m]:tj =0




t1 ,...,tk ∈{0,2}



=

1
2m−(k+1)

⎛
⎝

p2j ⎠ ft1 ...,tm (x + d)
(b,t)

j∈[m]:tj =2



⎝

t1 ,...,tk+1 ∈{0,2}

1
2m−(k+1)

⎛

⎞

p0j

j∈[k+1]:tj =0



j∈[k]:tj =0



p0j

⎞
p2j ⎠ ft1 ...,tk+1 (x + d)
(b,t)

j∈[k+1]:tj =2



⎞

p2j ⎠

j∈[k]:tj =2


(b,t)
(b,t)
· α0 ft1 ...,tk ,sk+1 =0 (x + d) + α2 ft1 ...,tk ,sk+1 =2 (x + d)


(b,t)
(b,t)
α0 fs1 ...,sk ,sk+1 =0 (x + d) + α2 fs1 ...,sk ,sk+1 =2 (x + d) .

Hence,
2m−(k+1) P (x) = α0 fs1 ,...,sk ,sk+1 =0 (x + d) + α2 fs1 ,...,sk ,sk+1 =2 (x + d).
By Theorem 6, we know that P (x) is real-rooted. Hence, P (x − d) is also real-rooted
and we have the conclusion. 2
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The following two theorems complete the proof of Theorem 1.
Theorem 13. If G = (V, E) is a d-regular bipartite Ramanujan graph, then there exists a
shift 3-lift of G that is also d-regular, bipartite, and Ramanujan.
(t)

Proof. Let H = {0, 1, 2} and t = ω = e2πi/3 . By Lemma 7, we have f∅ (x) = 3m μG (x).
√
By Theorem 4, the largest root of μG (x) is at most 2 d − 1. Let us consider the family
(t)
of polynomials fs1 ,...,sk (x). For every k = 0, 1, . . . , m − 1 and every s1 , . . . , sk ∈ {0, 1, 2},
(t)
the polynomials fs1 ,...,sk (x) have positive leading-coeﬃcients by deﬁnition. Lemmas 10
and 11 imply that the polynomials




(x)
fs(t)
1 ,...,sk ,sk+1 =r

r∈{0,1,2}

are also real-rooted and have a common interlacing. Thus, by Theorem 9, there exists a
shift function s with sj ∈ {0, 1, 2} ∀j ∈ [m] such that the largest root of det[xI − As (ω)]
√
is at most 2 d − 1.
Moreover As (ω) = As (ω 2 )T . Since the determinant of a matrix is preserved under
the transpose operation, the characteristic polynomials of As (ω) and As (ω 2 ) are identical. Thus, for the shift s, the largest of the eigenvalues of As (ω) and As (ω 2 ) is at most
√
2 d − 1. Hence, by Theorem 2, we have a shift 3-lift that preserves the Ramanujan property. It is straightforward to verify that any lift preserves the d-regular and bipartiteness
properties. 2
Theorem 14. If G = (V, E) is a d-regular bipartite Ramanujan graph, then there exists a
shift 4-lift of G that is also d-regular, bipartite, and Ramanujan.
√
Proof. Let H = {0, 2} and t = i = −1. By Theorem 5, we have a shift 2-lift with shift
√
function b : E → {0, 1} such that the maximum eigenvalue of Ab (−1)
 2 d − 1.
 is at most
(b,t)
Let us ﬁx this function b and consider the family of polynomials fs1 ,...,sk (x)
.
s1 ,...,sk ∈H

(b,t)

By Lemma 8, we have that f∅ (x) = 2m μG (x). By Theorem 4, all roots of μG (x) are at
√
most 2 d − 1. For every k = 0, 1, . . . , m − 1 and every s1 , . . . , sk ∈ H, the polynomials
(b,t)
fs1 ,...,sk (x) have positive leading coeﬃcients by deﬁnition. By Lemmas 10 and 12, the
polynomials




(x)
fs(b,t)
1 ,...,sk ,sk+1 =r

r∈H

are real-rooted and have a common interlacing. Therefore, by Theorem 9, we have a shift
function s with sj ∈ {0, 2} ∀j ∈ [m] such that the largest root of det[xI − Ab+s (i)] is
√
at most 2 d − 1. Thus, by considering s = b + s, we have a shift function s : E →
√
{0, 1, 2, 3} such that the largest root of det[xI − As (i)] is at most 2 d − 1.

Furthermore, As (−i) = As (i)T and As (−1) = Ab (−1) since (−1)s (e) =
(−1)s(e)+b(e) = (−1)b(e) for all e ∈ E. Therefore, the eigenvalues of As (−1), As (i)
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√
and As (−i) are at most 2 d − 1. Hence, by Theorem 2, we have a shift 4-lift given by
s that preserves the Ramanujan property. 2
5. Discussion
In this work, we have considered an alternative approach to constructing Ramanujan
graphs eﬃciently. Instead of repeatedly taking 2-lifts, we have suggested taking a shift
k-lift for k growing exponentially in n, where n is the number of vertices in the base
graph. The existence of a shift k-lift that preserves the Ramanujan property for such
values of k would immediately lead to a faster algorithm than repeatedly taking 2-lifts.
We take a ﬁrst step towards proving the existence of such shift k-lifts by showing it for
k = 3 and k = 4.
A more general approach would be to consider other subfamilies of permutations over
k elements as opposed to considering shift permutations. Subfamilies that arise from
subgroups of the permutation group Sk have a convenient characterization of the new
eigenvalues of the lifted graph. In particular, the family of shift permutations correspond
to the subgroups Z/kZ of Sk [23]. In order to obtain faster construction of Ramanujan
graphs from alternative subgroups Γ, we need the following requirement on the subgroup
Γ: (1) the size of the subgroup Γ grows polynomially in k, and (2) there exists a k-lift in
the subgroup preserving the Ramanujan property of n-vertex Ramanujan graphs for k
being superpolynomial in n. We refer to the work of Hall et al. [21] who have undertaken
a systematic investigation of such subgroups.
Acknowledgements
The authors would like to thank Salil Vadhan and Jelani Nelson for helpful conversations related to the topic. Part of this work was done while Karthekeyan Chandrasekaran
was a Simons postdoctoral fellow and Ameya Velingker was a visiting research fellow at
Harvard University. Ameya’s research was supported in part by NSF grant CCF-0963975.
References
[1] A. Marcus, D. Spielman, N. Srivastava, Interlacing families I: bipartite Ramanujan graphs of all
degrees, Ann. of Math. 182 (1) (2015) 307–325.
[2] N. Agarwal, K. Chandrasekaran, A. Kolla, V. Madan, On the expansion of group-based lifts, arXiv:
1311.3268, 2013.
[3] M. Sipser, D. Spielman, Expander codes, IEEE Trans. Inform. Theory 42 (1996) 1710–1722.
[4] M. Ajtai, J. Komlós, E. Szemerédi, An O(n log n) sorting network, in: Proceedings of the Fifteenth
Annual ACM Symposium on Theory of Computing, STOC ’83, 1983, pp. 1–9.
[5] N. Alon, J. Brucka, J. Naor, M. Naor, R. Roth, Construction of asymptotically good low-rate
error-correcting codes through pseudo-random graphs, IEEE Trans. Inform. Theory 38 (2) (1992)
509–516.
[6] J. Håstad, R. Impagliazzo, L.A. Levin, M. Luby, A pseudorandom generator from any one-way
function, SIAM J. Comput. 28 (1999) 12–24.
[7] V. Guruswami, C. Umans, S. Vadhan, Unbalanced expanders and randomness extractors from
Parvaresh–Vardy codes, J. ACM 56 (4) (2009) 20.

214

K. Chandrasekaran, A. Velingker / Linear Algebra and its Applications 529 (2017) 199–214

[8] D.X. Charles, E.Z. Goren, K. Lauter, Cryptographic hash functions from expander graphs, IACR
Cryptol. ePrint Arch. 2006 (2006) 21.
[9] G. Zemor, Hash functions and Cayley graphs, Des. Codes Cryptogr. 4 (1994) 381–394.
[10] I. Dinur, The PCP theorem by gap ampliﬁcation, J. ACM 54 (3) (2007) 12.
[11] A. Nilli, On the second eigenvalue of a graph, Discrete Math. 91 (2) (1991) 207–210.
[12] A. Lubotzky, R. Phillips, P. Sarnak, Ramanujan graphs, Combinatorica 8 (3) (1988) 261–277.
[13] G. Margulis, Explicit group-theoretic constructions of combinatorial schemes and their applications
in the construction of expanders and concentrators, Probl. Inf. Transm. 24 (1) (1988) 39–46.
[14] A. Pizer, Ramanujan graphs and Hecke operators, Bull. Amer. Math. Soc. 23 (1990) 127–137.
[15] P. Chiu, Cubic Ramanujan graphs, Combinatorica 12 (3) (1992) 275–285.
[16] B. Jordan, R. Livne, Ramanujan local systems on graphs, Topology 36 (5) (1997) 1007–1024.
[17] M. Morgenstern, Existence and explicit constructions of q + 1 regular Ramanujan graphs for every
prime power q, J. Combin. Theory Ser. B 62 (1) (1994) 44–62.
[18] Y. Bilu, N. Linial, Lifts, discrepancy and nearly optimal spectral gap, Combinatorica 26 (5) (2006)
495–519.
[19] S. Liu, N. Peyerimhoﬀ, A. Vdovina, Signatures, lifts, and eigenvalues of graphs, arXiv:1412.6841,
2014.
[20] A. Marcus, D. Spielman, N. Srivastava, Interlacing families IV: bipartite Ramanujan graphs of all
sizes, in: IEEE 56th Annual Symposium on Foundations of Computer Science, 2015, pp. 1358–1377.
[21] C. Hall, D. Puder, W. Sawin, Ramanujan coverings of graphs, in: Proceedings of the Forty-eighth
Annual ACM Symposium on Theory of Computing, STOC ’16, 2016, pp. 533–541.
[22] C. Hall, D. Puder, W. Sawin, Ramanujan coverings of graphs, arXiv:1506.02335, 2016.
[23] H. Mizuno, I. Sato, Characteristic polynomials of some graph coverings, Discrete Math. 142 (13)
(1995) 295–298.
[24] O. Heilmann, E. Lieb, Theory of monomer–dimer systems, Comm. Math. Phys. 25 (3) (1972)
190–232.
[25] A. Marcus, D. Spielman, N. Srivastava, Interlacing families II: mixed characteristic polynomials and
the Kadison–Singer problem, Ann. of Math. 182 (2015) 327–350.
[26] S. Fisk, Polynomials, roots, and interlacing, arXiv:math/0612833, 2008.

