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Recap

Consider the IP z∗ = max{cTx : x ∈ P ∩ Zn} = {cTx : x ∈ PI}.
Algorithm 1: Cutting Plane Algorithmic Approach

Input: A, b, c such that P = {x : Ax ≤ b}
Output: x̄ = arg max{cTx : x ∈ P ∩ Zn}
Initialize Q = P
repeat

Solve max{cTx : x ∈ Q} to find an extreme point optimum x̄
if x̄ ∈ Zn then

STOP and return x̄
else

find a valid inequality wTx ≤ δ for PI such that wT x̄ > δ
Q← Q ∩ {x : wTx ≤ δ}

We began studying the cutting plane algorithmic approach as a solving approach for unstructured
IPs. We will discuss the use of this approach for structured IPs followed by unstructured IPs today.

24.1 Structured IPs

Structured IPs typically have a family F of valid inequalities for PI . Note that the family F may
not completely describe PI . We use such a family in the cutting plane algorithm as described in
Algorithm 2.
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Algorithm 2: Cutting Plane Algorithmic Approach for Structured IPs

Input: A, b, c such that P = {x : Ax ≤ b}
repeat

Solve LP max{cTx : x ∈ P} to find an extreme point optimum x̄
if x̄ is integral then

STOP and return x̄
else

find a valid inequality wTx ≤ δ in F such that wT x̄ > δ (separation problem for F )
if such an inequality was found then

P ← P ∩ {x : wTx ≤ δ}
else

we have a better solution than the optimum to the original LP-relaxation, STOP

An Example. Consider the maximum weight matching problem in non-bipartite graphs. For a
graph G = (V,E), the associated IP is:

max{
∑
e∈E

wexe : x ∈ P ∩ ZE}

where
P = {x ∈ RE :

∑
e∈δ(v)

xe ≤ 1 ∀ v ∈ V, x ≥ 0}.

Recall from the previous lecture that the following family of odd-set inequalities is valid for PI :

Fodd := {
∑
e∈E[S]

xe ≤ (|S| − 1)/2 ∀ S ⊆ V : |S| odd}.

Thus, we can execute Algorithm 2 using Fodd. We mentioned a theorem of Edmonds’ in the previous
lecture—namely, P ∩ {x : x satisfies all inequalities in Fodd} is exactly the convex hull of indicator
vectors of perfect matching in G. So, when Algorithm 2 terminates, the objective value of the
solution that it terminates with will correspond to the maximum weight of a matching in G.

Other considerations. It is possible for Algorithm 2 to terminate without an integral optimum
if the family F does not describe PI . If Algorithm 2 terminates without an integral optimum, then
we will get a better upper bound for the optimum objective value (at least no worse than the initial
one). Such upper bounds can be used in the branch and bound method.

In order to implement Algorithm 2, note that we need an efficient procedure to find a valid in-
equality for PI from the family F that is violated by x̄. This is usually possible for structured
IPs/combinatorial optimization problems (e.g., for matchings).

Note that Algorithm 2 will always terminate in finite number of iterations if the family F is
finite. Would it terminate in polynomial number of iterations? The answer is YES for the max
weight matching problem in non-bipartite graphs via careful selection of cuts from Fodd. For other
combinatorial optimization problems, this is an interesting direction of research.

24.2 Unstructured IPs

For unstructured IPs, in order to implement the cutting plane algorithm, we need an efficient
procedure to generate valid inequalities for PI but violated by the current extreme point optimum

24-2



x̄. This will be our next goal.

24.2.1 Gomory’s cut generation procedure

Recall that CG-cuts give us valid inequalities for PI .

CG-Cut: If wTx ≤ δ is valid for P and w is integral then wTx ≤ bδc is valid for PI .

So, we will try to find a CG-cut that is violated by x̄.

Let P := {x ∈ Rn : Ax = b, x ≥ 0}, A ∈ Zm×n, b ∈ Zm, and x̄ be an extreme point optimum to
max{cTx : x ∈ P}.

Recall

� An extreme point solution is defined by a basis B.

� A basis is an index set B ⊆ [n] with |B| = m such that the corresponding sub-matrix
AB of A (using columns indexed by B) is non-singular.

� A basis is feasible if x̄B := A−1b ≥ 0. Then x̄ := (x̄B, x̄N = 0) is a basic feasible
solution.

� For a fixed basis, we can write Ax = b as [AB AN ]x = b.

Given: An optimal basis B and an optimal basic feasible solution x̄ = (x̄B, x̄N = 0) /∈ Zn where

x̄B = A−1B b.
Goal: Find a valid inequality for PI violated by x̄.

With the notation b̄ := A−1B b, ĀN := A−1B AN , we note that the equations

xB + ĀNxN = b̄ (24.1)

are valid for P (since it is obtained by pre-multiplying [ABAN ]x = b by A−1B ). If x̄ /∈ Zn, then there
exists i ∈ B such that x̄i = b̄i /∈ Z.

Definition 1. Fix an i such that b̄i 6∈ Z. Consider constraint for row i which is of the form
xi = b̄i −

∑
j∈N āijxj . The Gomory cut for row i is∑

j∈N
(āij − bāijc)xj ≥ b̄i − bb̄ic. (24.2)

We will now show that inequality (24.2) is valid for PI and is violated by x̄.

Claim 1.1. Inequality (24.2) is violated by x̄.

Proof. LHS evaluated at x̄ is 0 but the RHS is strictly greater than 0 by the choice of i.

Claim 1.2. Inequality (24.2) is valid for PI .

Proof. The equation xi +
∑

j∈N āijxj = b̄i is valid for P and all variables are non-negative. There-
fore,

xi +
∑
j∈N
bāijcxj ≤ xi +

∑
j∈N

āijxj ∀x ∈ P
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Hence,

xi +
∑
j∈N
bāijcxj ≤ b̄i is valid for P .

The LHS coefficients are integral. It implies that

xi +
∑
j∈N
bāijcxj ≤ bb̄ic is a CG-cut for P

and hence, is valid for PI . Also,

xi +
∑
j∈N

aijxj = bi is valid for PI .

The above two inequalities together imply that∑
j∈N

(āij − bāijc)xj ≥ b̄i − bb̄ic is valid for PI .

We note that the above proof also reveals that a Gomory cut is in fact a CG-cut. With this choice
of cuts, Gomory gave the cutting plane algorithm described in Algorithm 3.

Algorithm 3: Gomory’s cutting plane algorithm

Input: A, b, c such that P = {x : Ax = b, x ≥ 0}
Output: x̄ = arg max{cTx : x ∈ P ∩ Zn}
repeat

Solve LP max{cTx : Ax = b, x ≥ 0} to find an optimal basic feasible solution x̄
if x̄ is integral then

STOP and return x̄
else

Choose a basic variable xi such that x̄i = b̄i /∈ Z
Generate a Gomory cut and add it to the LP formulation

With careful choice of LP solvers and cut generation the algorithm can be shown to terminate in
finite time.

Theorem 2 (Gomory). Suppose Gomory’s algorithm is implemented by

1. using the lexicographic simplex algorithm for LP solving and

2. deriving Gomory cut from the fractional variable with the smallest index.

Then the algorithm will terminate in finite numbers of iterations.
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24.2.2 Disjunctive cuts

We have alternative ways to generate valid inequalities for PI violated by x̄ besides CG cuts. One
such way is disjunctive cuts. Here, we represent a feasible region as a union of two sub-regions,
generate valid inequalities for the sub-regions and use these valid inequalities to generate a valid
inequality for the feasible region. See Figure 24.1 for an example.

Figure 24.1: Disjunctive cuts

Definition 3. A set S = S1 ∪ S2 with S1, S2 ⊆ Rn+ is a disjunction of two sets.

Example. Binary IPs have this disjunctive structure: Let P be a polyhedron in [0, 1]n and

S = P ∩ {0, 1}n.

Then S = S1 ∪ S2 where

S1 := {x ∈ P ∩ {0, 1}n : x1 = 0} and

S2 := {x ∈ P ∩ {0, 1}n : x1 = 1}.

In particular, S1 = P1 ∩ {0, 1}n and S2 = P2 ∩ {0, 1}n where P1 := {x ∈ P : x1 = 0} and
P2 := {x ∈ P : x1 = 1}.

We will use valid inequalities for S1 and S2 to generate valid inequalities for S.

Lemma 3.1. Suppose
∑n

j=1w
1
jxj ≤ δ1 is valid for S1 and

∑n
j=1w

2
jxj ≤ δ2 is valid for S2. Then∑n

j=1wjxj ≤ δ is valid for S if wj ≤ min{w1
j , w

2
j} for all j ∈ [n] and δ ≥ max{δ1, δ2}.

Proof. Suppose x ∈ S. It implies that either x ∈ S1 or x ∈ S2. Without loss of generality, say
x ∈ S1. Then since x ≥ 0 we have that

n∑
j=1

wjxj ≤
n∑
j=1

w1
jxj ≤ δ1 ≤ δ.

The above lemma tells us how to obtain valid inequalities for PI if we can write P = P1 ∪ P2 and
have inequalities for (P1)I and (P2)I . Disjunctive cuts are also used to get better bounds in branch
and bound. The theory of disjunctive cuts (similar to the notions of Chvátal closure and Chvátal
rank for CG-cuts) is also well-understood.
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