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Abstract

We consider the problem of deterministically enumerating all minimum k-cut-sets in a given
hypergraph for any fixed k. The input here is a hypergraph G = (V, E') with non-negative hyper-
edge costs. A subset F' C FE of hyperedges is a k-cut-set if the number of connected components
in G — F is at least k and it is a minimum k-cut-set if it has the least cost among all k-cut-sets.
For fixed k, we call the problem of finding a minimum k-cut-set as HYPERGRAPH-k-CUT and the
problem of enumerating all minimum k-cut-sets as ENUM-HYPERGRAPH-k-CUT. The special
cases of HYPERGRAPH-k-CUT and ENUM-HYPERGRAPH-k-CUT restricted to graph inputs are
well-known to be solvable in (randomized as well as deterministic) polynomial time |17}/25/2838|.
In contrast, it is only recently that polynomial-time algorithms for HYPERGRAPH-k-CUT were
developed |2/4,/12]. The randomized polynomial-time algorithm for HYPERGRAPH-k-CUT that
was designed in 2018 |4] showed that the number of minimum k-cut-sets in a hypergraph is
O(n?*=2), where n is the number of vertices in the input hypergraph, and that they can all
be enumerated in randomized polynomial time, thus resolving ENUM-HYPERGRAPH-k-CUT in
randomized polynomial time. A deterministic polynomial-time algorithm for HYPERGRAPH-k-
CuT was subsequently designed in 2020 [2], but it is not guaranteed to enumerate all minimum
k-cut-sets. In this work, we give the first deterministic polynomial-time algorithm to solve
ENUM-HYPERGRAPH-k-CUT (this is non-trivial even for k = 2). Our algorithm is based on new
structural results that allow for efficient recovery of all minimum k-cut-sets by solving mini-
mum (5, T')-terminal cuts. Our techniques give new structural insights even for enumerating all
minimum cut-sets (i.e., minimum 2-cut-sets) in a given hypergraph.
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1 Introduction

A hypergraph G = (V, E) consists of a finite set V' of vertices and a finite set E of hyperedges
where each hyperedge e € F is a subset of V. We consider the problem of enumerating all optimum
solutions to the HYPERGRAPH-k-CUT problem when £ is a fixed constant. In HYPERGRAPH-Ek-CUT,
the input consists of a hypergraph G = (V, FE) with non-negative hyperedge-costs ¢ : E — R4 and
a positive integer k. The objective is to find a minimum-cost subset of hyperedges whose removal
results in at least k£ connected components. We will call a subset of hyperedges whose removal results
in at least k connected components as a k-cut-set and a minimum-cost k-cut-set as a minimum k-
cut-set; for k = 2, we will refer to a 2-cut-set as simply a cut-set and a minimum-cost cut-set as a
minimum cut-set. The central problem of interest to this work is that of enumerating all minimum
k-cut-sets in a given hypergraph with non-negative hyperedge-costs—we will denote this problem as
ENUM-HYPERGRAPH-k-CUT. Throughout, we will consider k£ to be a fixed constant integer (e.g.,
k= 2,3,4,...). We will denote HYPERGRAPH-k-CUT and ENUM-HYPERGRAPH-k-CUT for graph
inputs as GRAPH-k-CUT and ENUM-GRAPH-k-CUT respectively. We note that the case of k = 2
corresponds to global minimum cut which will be discussed shortly.

Partitioning formulation. There is a fundamental structural difference between HYPERGRAPH-k-
Cut and GRAPH-k-CUT (even for k = 2), which is especially evident when attempting to enumerate
all optimum solutions. In order to illustrate this difference, we discuss an equivalent partitioning
formulation of HYPERGRAPH-k-CUT. In this equivalent formulation, the objective is to find a
partition of the vertex set V into k£ non-empty sets Vi, Va,..., Vi so as to minimize the cost of
hyperedges that cross the partition. A hyperedge e € F is said to cross a partition Vi, Va,..., Vi if
it has vertices in at least two parts, that is, there exist distinct ¢, € [k] such that e N V; # () and
enV; # (. We will denote a partition of V' into k non-empty parts as a k-partition and a 2-partition
as a cut. The cost of a k-partition is the sum of the cost of hyperedges crossing the partition. A
k-partition with minimum cost is said to be a minimum k-partition. We will denote the cost of a
2-partition as its cut value and a minimum 2-partition as a minimum cut.

By definition, the number of minimum k-cut-sets is at most the number of minimum k-partitions.
Moreover, for a connected graph, the number of minimum k-partitions is O(n*) for constant k,
where n is the number of vertices (i.e., the number of minimum k-partitions is polynomial since
k is a constant) [18,22,28|. However, for a connectedﬂ hypergraph, the number of minimum k-
partitions could be exponential while the number of minimum k-cut-sets is only polynomial. For
example, consider the spanning-hyperedge-example: this is the n-vertex hypergraph G = (V, E) that
consists of only one hyperedge e where e = V with the cost of the hyperedge e being one. This
hypergraph is connected and has only one minimum k-cut-set but ©(k™) minimum k-partitions
(i.e., an exponential number of minimum k-partitions even for k = 2). Thus, if we are hoping for
polynomial-time algorithms to enumerate all optimum solutions to HYPERGRAPH-k-CUT, then we
cannot aim to enumerate all minimum k-partitions (in contrast to connected graphs). This is the
reason for defining ENUM-HYPERGRAPH-k-CUT as the problem of enumerating all minimum k-cut-
sets as opposed to enumerating all minimum k-partitions. For connected graphs, the two definitions
are indeed equivalent.

GRAPH-k-CUT for k£ = 2 is the minimum cut problem in graphs which is well-known to be
solvable in polynomial time. Although the minimum cut problem in graphs has been extensively
studied, enumerating all minimum cut-sets in a graph in deterministic polynomial time is already
non-trivial. Dinitz, Karzanov, and Lomonosov [11]| constructed a compact representation for all
minimum cuts in a connected graph (known as the cactus representation) which showed that the
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number of minimum cuts in a connected graph is at most (g) and that they can all be enumerated
in deterministic polynomial time. For constant k > 3, the number of minimum k-partitions in a
connected graph is O(n*)—this bound is tight and is a consequence of a recent improved analysis
of a random contraction algorithm to solve GRAPH-k-CuUT |18,22}28]; the same random contrac-
tion algorithm can also be used to enumerate all minimum k-partitions in connected graphs in
randomized polynomial time. Deterministic polynomial-time algorithms to enumerate all minimum
k-partitions in connected graphs are also known. We discuss other techniques—both randomized
and deterministic—for enumerating minimum cuts and minimum k-partitions in graphs in Section
L2
HYPERGRAPH-Lk-CUT is a natural generalization of GRAPH-k-CUT. HYPERGRAPH-k-CUT for
= 2 is the minimum cut problem in hypergraphs which is well-known to be solvable in poly-
nomial time [29]. Once again, enumerating all minimum cut-sets in a hypergraph in determinis-
tic polynomial-time is already non-trivial. There exists a compact representation of all minimum
cut-sets in a hypergraph [6|—mamely the hypercactus representation—which also implies that the
number of minimum cut-sets in a hypergraph is at most (g) and that they can all be enumerated
in deterministic polynomial time. To the best of the authors’ knowledge, this is the only known
technique for efficient deterministic enumeration of all minimum cut-sets in a hypergraph.

HYPERGRAPH-k-CUT is a special case of SUBMODULAR-k-PARTITION (e.g., see [2,35,/42}43]).
Owing to this connection, the complexity of HYPERGRAPH-k-CUT for any fixed £ > 3 has been an
intriguing open question until recently. A randomized polynomial-time algorithm for HYPERGRAPH-
k-Cut was designed in 2018 by Chandrasekaran, Xu, and Yu [4]. The analysis of this algorithm
showed that the number of minimum k-cut-sets is O(n?*~2), where n is the number of vertices in
the input hypergraph (i.e., the number of minimum k-cut-sets is polynomial), and that they can all
be enumerated in randomized polynomial time (also see |12]). Subsequently, Chandrasekaran and
Chekuri designed a deterministic polynomial-time algorithm for HYPERGRAPH-k-CUT in 2020 [2].
However, their deterministic algorithm is guaranteed to identify only one minimum k-cut-set and not
all. The next natural question is whether all minimum k-cut-sets can be enumerated in deterministic
polynomial time—namely, can we solve ENUM-HYPERGRAPH-k-CUT in deterministic polynomial
time?

As mentioned earlier, the only known technique for ENUM-HYPERGRAPH-k-CUT for k = 2
is via the hypercactus representation which does not seem to generalize to k > 3 (in fact, it is
unclear if cactus representation generalizes to k > 3 even in graphs). Moreover, all deterministic
techniques for ENUM-GRAPH-k-CUT address the problem of enumerating all minimum k-partitions
in connected graphs—see Section [I.2} hence, all these techniques fail for ENUM-HYPERGRAPH-
k-CuT (as seen from the spanning-hyperedge-example). For hypergraphs, we necessarily have to
work with minimum k-cut-sets as opposed to minimum k-partitions. Working with minimum k-
cut-sets as opposed to minimum k-partitions in the deterministic setting is a technical challenge
that has not been undertaken in any of the previous works (even for graphs). We overcome this
technical challenge in this work. We adapt Chandrasekaran and Chekuri’s deterministic approach
for HYPERGRAPH-k-CUT and augment it with structural results for minimum k-cut-sets to prove
our main result stated below.

Theorem 1.1. There is a deterministic polynomial-time algorithm for ENUM-HYPERGRAPH-K-
CuTt for every fized k.

Although we chose to highlight the above algorithmic result in this introduction, we emphasize
that the structural theorems that form the backbone of the algorithmic result are our main technical
contributions (see Theorems and . We discuss these structural theorems in the technical
overview section. By tightening the proof technique of one of our structural theorems for k = 2,



we obtain an arguably elegant structural explanation for the number of minimum cut-sets in a
hypergraph being at most (g)—see Theorem Theorem leads to an alternative deterministic
polynomial-time algorithm to enumerate all minimum cut-sets in a hypergraph (that is relatively
simpler than computing a hypercactus representation). We believe that our structural theorems are
likely to be of independent interest in the theory of hypergraphs.

1.1 Technical overview and main structural results

We focus on the unit-cost variant of ENUM-HYPERGRAPH-k-CUT in the rest of this work for the sake
of notational simplicity. Throughout, we will allow multigraphs and hence, this is without loss of
generality. Our algorithms extend in a straightforward manner to arbitrary hyperedge costs. They
rely only on minimum (s, ¢)-terminal cut computations and hence, they are strongly polynomial-time
algorithms.

A key algorithmic tool will be the use of terminal cuts. We need some notation. Let G = (V, E)
be a hypergraph. Throughout this work, n will denote the number of vertices in G and p := )" . |e]
will denote the representation size of G. We will denote a partition of the vertex set into h non-
empty parts by an ordered tuple (Vi,...,V}). For a non-empty proper subset U of vertices, we
will use U to denote V' \ U, 6(U) to denote the set of hyperedges crossing the 2-partition (U,U),
and d(U) := |§(U)|. We recall that §(U) = 6(U), so we will use d(U) to denote the cost of the
cut (U,U). More generally, given a partition P = (V4, Va,...,V}), we denote the set of hyperedges
crossing the partition by §(V1, Va, ..., V4) (also by 6(P) for brevity) and the number of hyperedges
crossing the partition by cost(Vi, Va,..., Vp,) = [6(V1, Va,..., V})| (also by cost(P) for brevity).
Let S, T be disjoint non-empty subsets of vertices. A 2-partition (U,U) is an (S, T)-terminal cut
if S CU C V\T. Here, the set U is known as the source set and the set U is known as the
sink set. A minimum-cost (S, 7T)-terminal cut is known as a minimum (S, T)-terminal cut. Since
there could be multiple minimum (S, 7)-terminal cuts, we will be interested in source minimal
minimum (S, T')-terminal cuts and source maximal minimum (S, T)-terminal cuts. For every pair
of disjoint non-empty subsets S and T of vertices, there exists a unique source minimal minimum
(S, T)-terminal cut and it can be found in deterministic polynomial time via standard maxflow
algorithms; a similar result holds for source maximal minimum (.5, T')-terminal cuts.

Our algorithm is inspired by the divide and conquer approach introduced by Goldschmidt
and Hochbaum for GRAPH-k-CuT [17|. This approach was generalized by Kamidoi, Yoshida,
and Nagamochi to solve ENUM-GRAPH-k-CUT [25] and by Chandrasekaran and Chekuri to solve
HYPERGRAPH-k-CUT [2], both in deterministic polynomial time. The techniques of [17] and |25] are
not applicable to ENUM-HYPERGRAPH-k-CUT since they are tailored to graphs and do not extend
to hypergraphs. We describe the details of the divide and conquer approach for HYPERGRAPH-k-
CuT due to Chandrasekaran and Chekuri |2]. The goal here is to identify one part of some fixed
minimum k-partiton (Vq,Va,..., Vi), say V4 without loss of generality, and then recursively find a
minimum (k — 1)-partition in the subhypergraph G[V;], where G[Vi] is the hypergraph obtained
from G by discarding the vertices in V7 and by discarding all hyperedges that intersect V7. Now,
how does one find such a part V17 Chandrasekaran and Chekuri proved a key structural theorem for
this: Suppose (Vi,...,Vk) is a Vi-mazimal minimum k-partition—i.e., there is no other minimum
k-partition (V{,...,V}) such that V; is a proper subset of V. Then, they showed that for every
subset T C V; such that TNV; #0forall j € {2,...,k}, there exists a subset S C V; of size at most
2k — 2 such that (Vi, V4) is the source maximal minimum (S, T')-terminal cut. A consequence of this
structural theorem is that if we compute the collection C consisting of the source side of the source
maximal minimum (S, T')-terminal cut for all possible pairs (S,T) of disjoint subsets of vertices S
and T with |S| < 2k—2 and |T'| < k—1, then the set V7 will be in this collection C (by applying the



structural theorem to a set T" of size k — 1 with |[T'NV;| =1 for all j € {2,...,k}). Moreover, the
size of the collection C is only O(n3*~3). Hence, recursing on G[U] for each set U in the collection
C will identify a minimum k-partition within a total run-time of nO**) source maximal minimum
(S, T)-terminal cut computations.

The limitation of the structural theorem of Chandrasekaran and Chekuri |2] is that it aims to
recover a minimum k-partition and in particular, a Vi-maximal minimum k-partition. For the pur-
poses of enumerating all minimum k-cut-sets, this is insufficient as we have seen from the spanning-
hyperedge-example. In particular, their structural theorem cannot be used to even enumerate all
minimum cut-sets in a hypergraph. We prove two structural theorems that will help in enumerating
minimum k-cut-sets. We describe these structural theorems now.

Our goal is to deterministically enumerate a polynomial-sized family F of k-cut-sets such that F
contains all minimum k-cut-sets. Let F' be an arbitrary minimum k-cut-set. Since F' is a minimum
k-cut-set, there exists a minimum k-partition (Vi,...,Vy) such that F = 6(V4,..., V). We note
that d(V1) < |F| by definition of the hypergraph cut function d : 2" — R. We distinguish two cases:

Case 1. Suppose d(V1) < |F|. In order to identify minimum k-cut-sets F' that have this property,
we show the following structural theorem.

Theorem 1.2. Let G = (V, E) be a hypergraph and let OPT}, be the value of a minimum k-cut-set
in G for some integer k > 2. Suppose (U,U) is a 2-partition of V with d(U) < OPT},. Then, for
every pair of vertices s € U and t € U, there exist subsets S C U\ {s} and T C U \ {t} with
|S| <2k — 3 and |T| < 2k — 3 such that (U,U) is the unique minimum (S U {s}, T U {t})-terminal
cut in G.

The advantage of this structural theorem is that it allows for a recursive approach to enumerate
a polynomial-sized family of minimum k-cut-sets containing F' under the assumption that d(V}) <
|F'| = OPT}, (similar to the approach of Chandrasekaran and Chekuri).

The drawback of this structural theorem is that it only addresses the case of d(V1) < |F|. It is
possible that the minimum k-cut-set F' satisfies d(V;) = |F|. For example, consider the problem of
enumerating all minimum cut-sets in a hypergraph (i.e., ENUM-HYPERGRAPH-k-CUT for k = 2)—
Theorem does not help in this case since there will be no cut (U, U) with d(U) < OPTs. This

motivates the second case.

Case 2. Suppose d(V1) = |F|. In this case, we need to enumerate a polynomial-sized family of k-cut-
sets containing F', but we cannot hope to enumerate all minimum k-partitions (V/, ..., V}) for which
F =6V{,...,V/) (e.g., again consider the spanning-hyperedge-example for k = 2 for which the
unique minimum cut-set F' has |F'| = d(V}) for exponentially many minimum cuts (V7, V) and hence,
we cannot hope to enumerate all minimum cuts). We observe that if d(V1) = |F|, then the set F' of
hyperedges should be equal to the set of hyperedges crossing (V1, V1), i.e., §(V1) = F = §(V4, ..., Vi).
We show the following structural theorem to exploit this observation.

Theorem 1.3. Let G = (V, E) be a hypergraph, k > 2 be an integer, and P = (V1,..., Vi) be a
minimum k-partition such that 6(Vi) = §(P). Then, for all subsets T C Vi such that T N Vi #0
forall j €4{2,3,...,k}, there exists a subset S C Vi with |S| < 2k —1 such that the source minimal
minimum (S, T)-terminal cut (A, A) satisfies 6(A) = §(V1) and A C V.

We recall that for fixed disjoint subsets S, T C V, the source minimal minimum (S, T')-terminal
cut is unique. We emphasize the main feature of Theorem[I.3} it aims to recover only the hyperedges
crossing the cut (V4, V7) but not the cut (V4, V7) itself. It shows the existence of a small-sized witness
which allows us to recover §(V;)—mnamely a pair (S,T) with |S|,|T| = O(k) for which §(V7) is the



cut-set of the source minimal minimum (S, T")-terminal cut. In this sense, Theorem addresses
the drawback of Theorem [[.21

Theorems [I.2] and [I.3] can be used to design a recursive algorithm that enumerates all minimum
k-cut-sets in deterministic polynomial time (along the lines of the algorithm of Chandrasekaran
and Chekuri described above). Here, we describe a more straightforward non-recursive determin-
istic polynomial-time algorithm. For each pair of subsets of vertices S, T of size at most 2k — 1,
we compute the source minimal minimum (S, T)-terminal cut Vsr; if G — §(Vg ) has at least k
connected components, then we add d(Vs 1) to the candidate family F; otherwise, we add Vs to
the collection C. Next, we consider all possible k-partitions (Uy,...,U) of the vertex set where all
sets Uy, ..., U are in the collection C and add the set 6(Uy, ..., Uy) of hyperedges to the family F.
We now sketch the argument to show that the family F contains the (arbitrary) minimum k-cut-set
F'. Recall that there exists a minimum k-partition (Vi, ..., V}) such that F'is the set of hyperedges
crossing this k-partition, i.e., F' = 6(Vi,..., V). We have two possibilities: (1) if d(V;) < |F| for
every ¢ € [k], then by Theorem every set V; is in the collection C (by applying Theorem
to (U = V;,U =V;) and arbitrary vertices s € V;,t € V;), and hence F € F; (2) if d(V;) = |F|
for some i € [k], then by Theorem one of the sets Vg has §(Vgr) = 6(V;) = F and hence,
once again F' € F. We can prune the family F to return the subfamily of minimum k-cut-sets in
it. The size of the collection C is O(n**~2) and the size of the family F is O(n*”). The run-time is
O(n*=2)T(n, p) + O(n**”), where T(n,p) is the time complexity for computing the source minimal
minimum (s, ¢)-terminal cut in a n-vertex hypergraph of size p.

Additional consequence of Theorem Theorem [I.3] is the technical novelty of this work.
We emphasize another structural consequence of Theorem by using it to bound the number of
minimum cut-sets in a hypergraph. Let ¢ be an arbitrary vertex in the hypergraph G = (V, E).
Consider the sets

H:={U CV\{t}: (U,U) is a minimum cut in G} and
M:={6(U):U e H}.

We note that M is the family of all minimum cut-sets in the hypergraph. By applying Theorem
for k = 2 and T = {t}, we obtain that for every set U € H, there exists a subset S C U with
|S| < 3 such that the source minimal minimum (S, {¢})-terminal cut (A, A) satisfies §(A4) = §(U).
Consequently, the size of the set M is at most the number of possible ways to choose a non-empty
subset S C V' \ {t} of size at most 3 which is ("Il) + (";1) + ("gl) = O(n?), where n := |V|. Thus,
we have concluded that the number of minimum cut-sets in a n-vertex hypergraph is O(n?).

We recall that the number of minimum cut-sets in a n-vertex hypergraph is known to be at most
(%) 164/15]. So, the O(n?) upper bound on the number of minimum cut-sets that we obtained above
based on Theorem appears to be weak. We show the following strengthening of Theorem

for k = 2 to get the tighter bound.

Theorem 1.4. Let G = (V, E) be a hypergraph and P = (V1,Va2) be a minimum cut. Then, for all
non-empty subsets T C Vs, there exists a subset S C Vi with |S| < 2 such that the source minimal
minimum (S, T)-terminal cut (A, A) satisfies 6(A) = §(V1) and A C V.

By applying Theorem for T = {t}, we obtain that for every set U € H, there exists a subset
S C U with |S| < 2 such that the source minimal minimum (S, {¢})-terminal cut (A, A) satisfies
d(A) = 6(U). Hence, the size of the set M is at most the number of possible ways to choose a
non-empty subset S C V' \ {t} of size at most 2 which is ("Il) + ("51) = (5). Thus, we have
obtained a structural explanation (based on Theorem for the number of minimum cut-sets in



a hypergraph being at most (g) Theorem can also be used to enumerate all minimum cut-sets
in a given hypergraph using (72") source minimal minimum (.S, T')-terminal cut computations.

Theorem [I.4] should be compared with a similar-looking structural theorem for graphs that was
shown by Goemans and Ramakrishnan [16]. Goemans and Ramakrishnan showed that (Theorem
15 in [16]) if G is a connected graph, then for every set U € H, there exists a subset S C V)
with |S] < 2 such that (U, U) is the source minimal minimum (.9, {¢})-terminal cut. This leads to a
structural explanation for the number of minimum cuts in a connected graph being at most (g) Our
Theorem can be seen as a counterpart of Goemans and Ramakrishnan’s result for hypergraphs,
but it differs from their result in two aspects: (1) their result does not hold for hypergraphs—the
number of minimum cuts in a connected hypergraph could be exponential as we have seen from
the spanning-hyperedge-example and (2) the proof of their result is based on the submodular triple
inequality which holds only for the graph cut function but fails for the hypergraph cut function.
So, our Theorem is more general as it handles minimum cut-sets in hypergraphs and moreover,
needs a different proof technique compared to [16]. We mention that Goemans and Ramakrishnan’s
result for connected graphs was our inspiration for Theorem which in turn, was our starting
point for Theorem [1.3]

We conclude this section with a table summarizing known techniques for solving enumeration
problems in graphs and hypergraphs in polynomial time (see Table . We refer the reader to
Section [L.2] for a more elaborate discussion of related work.

Techniques Graph Hypergraph | Graph-k-cut Hypergraph-k-cut
Min-Cut Min-Cut
Random Contraction | [26])28] [2ls] | [18;21122028] [4l12]
Cactus Representation [11] [6118] ? ?
Min (S, T')-cuts [16] Our Work [25,40] Our Work
(Theorem |[1.4]) (Theorems and
Edge Splitting [241/33] ? ? ?
Tree Packing [27] ? [5,38] ?

Table 1: Summary of known techniques to solve enumeration problems in graphs and hypergraphs
in polynomial time. The random contraction technique leads to a randomized algorithm while
techniques listed in the rest of the rows lead to deterministic algorithms. Entries with a question
mark indicate that we do not yet know if the technique leads to a polynomial time algorithm for
the corresponding enumeration problem.

Organization. We discuss special cases of ENUM-HYPERGRAPH-k-CUT that have been addressed
in the literature in Section In Section [1.3], we recall properties of the hypergraph cut function
that will be useful to prove our structural theorems. This section contains a strengthening of a
partition uncrossing theorem from [2] whose proof appears in Appendix . In Section [2, we formally
describe and analyze the deterministic polynomial-time algorithm for ENUM-HYPERGRAPH-k-CUT
that utilizes our two structural theorems (Theorems and . We prove Theorems and
in Sections [3| and [4] respectively. We prove the strengthening of Theorem for k = 2—mamely
Theorem in Section [ We give an alternative proof of Theorem based on a novel three-
cut-set lemma in Section [6] We conclude with a few open problems in Section [7]



1.2 Related work

In this section, we discuss known techniques for the enumeration problem in the special case of
k = 2 and the special case of graphs along with challenges involved in adapting these techniques to
hypergraphs for k > 3.

ENUM-GRAPH-Lk-CUT for k£ = 2. GRAPH-k-CUT for k = 2 is the global minimum cut problem
(denoted GRAPH-MINCUT) which has been extensively studied. However, efficient deterministic
enumeration of all minimum cut-sets in a given connected graph is already non-trivial. Dinitz,
Karzanov, and Lomonosov |11] showed that the number of minimum cuts in a connected graph is at
most (g), where n is the number of vertices in the input graph, and they can all be enumerated in de-
terministic polynomial time. In particular, they designed a compact data structure, namely a cactus
graph, to represent all minimum cuts in a connected graph. The upper bound of (g) on the number
of minimum cuts in a connected graph is tight as illustrated by the cycle-graph on n vertices. Using
the seminal random contraction technique, Karger [26] showed a stronger result that the number
of a-approximate minimum cuts in a connected graph is O(n?¥) and they can all be enumerated
in randomized polynomial time for constant o. Karger’s tree packing technique [27] also leads to a
deterministic polynomial-time algorithm to enumerate all a-approximate minimum cuts in a con-
nected graph for constant o. Nagamochi, Nishimura, and Ibaraki 33| tightened Karger’s bound for
a particular value of « via the edge splitting operation: the number of (4/3 — €)-approximate mini-
mum cuts in a connected graph is at most (g) for any € > 0. This fact was also shown by Goemans
and Ramakrishnan [16] via a structural result (see discussion after Theorem above). Henzinger
and Williamson [24] extended Nagamochi, Nishimura, and Ibaraki’s edge splitting technique to show
that the number of (3/2—¢)-approximate minimum cuts in a connected graph is O(n?) for any € > 0.
The results of Nagamochi, Nishimura, and Ibaraki, Goemans and Ramakrishnan, and Henzinger
and Williamson are all constructive and deterministic (i.e., lead to deterministic polynomial-time
algorithms to enumerate the respective approximate minimum cuts) and they bound the number of
minimum cuts in a connected graph (as opposed to minimum cut-sets).

Polynomial-delay algorithms. An alternative line of work aims to enumerate all cuts in hypergraphs
in non-decreasing order of cut value with polynomial time delay between outputs. Such algo-
rithms are known as polynomial-delay algorithms in the literature. Polynomial-delay algorithms
have been designed based on polynomial-time solvability of minimum (s, t)-terminal cut and using
the Lawler-Murty schema [1}23}32[39]. Since we know that the number of minimum cuts in a con-
nected graph is polynomial, the existence of a polynomial-delay algorithm immediately implies a
polynomial-time algorithm to solve ENUM-GRAPH-k-CUT for k = 2. This approach does not extend
to ENUM-HYPERGRAPH-k-CUT for £ = 2 since the number of minimum cuts in a hypergraph can
be exponential (e.g., recall the spanning-hyperedge-example).

ENUM-HYPERGRAPH-k-CUT for k£ = 2. HYPERGRAPH-k-CUT for k = 2 is the global minimum
cut problem (denoted HYPERGRAPH-MINCUT) which has also been extensively studied. We note
that the number of minimum cuts in a connected hypergraph could be exponential (e.g., consider
the spanning-hyperedge-example). But, how about the number of minimum cut-sets? The number
of minimum cut-sets in a hypergraph is at most (3) via decomposition theorems of Cunningham
and Edmonds [9], Fujishige |13|, and Cunningham [8] on submodular functions. Cheng |7] designed
an explicit hypercactus representation for all minimum cut-sets in a hypergraph. Chekuri and Xu [6]
designed a faster deterministic polynomial-time algorithm to obtain a hypercactus representation
(along with all minimum cut-sets) of a given hypergraph. Ghaffari, Karger, and Panigrahi [15] (also
see [4,]12]) introduced a random contraction technique to solve HYPERGRAPH-MINCUT which also
implied that the number of minimum cut-sets in a hypergraph is at most (g) and that they can all



be enumerated in randomized polynomial time.

We mention that in contrast to graphs, the number of constant-approximate minimum cut-sets
in a hypergraph can be exponential. In fact, the number of (1 4 €)-approximate minimum cut-sets
in a connected hypergraph can be exponentiaﬂ for any € € (0,1). Moreover, the techniques of
Nagamochi, Nishimura, and Ibaraki, Goemans and Ramakrishnan, and Henzinger and Williamson
even when restricted to minimum cuts (as opposed to approximate minimum cuts) cannot extend
to hypergraphs: This is because, their techniques are tailored to enumerate all minimum cuts in
a connected graph as opposed to all minimum cut-sets; we have already seen that the spanning-
hyperedge-example has exponential number of minimum cuts and hence, all of them cannot be
enumerated in polynomial time.

Multiterminal variants for k-cut: We mention that GRAPH-k-CUT and HYPERGRAPH-k-CUT have
natural variants involving separating specified terminal vertices s1,s2,...,8;. These variants are
NP-hard for £ > 3 even in graphs and hence, these variants are not viable lines of attack for GRAPH-
kE-Cut and HYPERGRAPH-k-CUT. We refer the reader to |2| for a discussion of approximation
algorithms for these variants.

ENUM-GRAPH-k-CUT. GRAPH-k-CUT for k > 3 has a rich literature with substantial recent
work [5]/17-22,25,28.(304|31}/36/-38]. Goldschmidt and Hochbaum (1988) [17] initiated the study on
GRAPH-k-CUT by showing that it is NP-hard when k is part of the input and that it is polynomial-
time solvable when £ is any fixed constant (polynomial-time solvability is not obvious even for k£ = 3).
Recall that we consider k to be a fixed constant throughout this work. Goldschmidt and Hochbaum
introduced a divide-and-conquer approach for GRAPH-k-CUT which resulted in a deterministic
polynomial-time algorithm. However, their result did not guarantee any bound on the number of
minimum k-partitions or minimum k-cut-sets in connected graphs. Karger and Stein [28] gave a
randomized polynomial-time algorithm for GRAPH-k-CUT via the random contraction technique. In
addition, they showed that the number of minimum k-partitions in a connected graph is O(n?*=2)
and they can all be enumerated in randomized polynomial time. The bound on the number of
minimum k-partitions in a connected graph has recently been improved to O(n*) [18,22]. We
mention that the upper bound of O(n*) on the number of minimum k-partitions in a connected
graph is tight as illustrated by the cycle-graph on n vertices.

There are two known approaches to solve ENUM-GRAPH-k-CUT in deterministic polynomial
time: (1) Thorup [38] showed that the tree packing approach can be used to obtain a polynomial-
time algorithm for GRAPH-k-CUT; this approach also extends to solve ENUM-GRAPH-k-CUT (also
see [5]). (2) Kamidoi, Yoshida, and Nagamochi [25] extended Goldschmidt and Hochbaum’s divide
and conquer approach to solve ENUM-GRAPH-k-CUT (also see [40]).

HYPERGRAPH-k-CUT. The complexity of HYPERGRAPH-k-CUT was open since the work of
Goldschmidt and Hochbaum for GRAPH-k-CUT (1988) [17] until recently. Although certain special
cases of HYPERGRAPH-k-CUT were known to be solvable in polynomial time [14,/41], considerable
progress on HYPERGRAPH-k-CUT happened only in the last 3 years. Chandrasekaran, Xu, and
Yu (2018) [4] designed the first randomized polynomial-time algorithm for HYPERGRAPH-k-CUT;
their Monte Carlo algorithm runs in O(pn?*~1) time where p = 3, |e| is the representation size
of the input hypergraph. Fox, Panigrahi, and Zhang [12| improved the randomized run-time to
O~(mn2k*2), where m is the number of hyperedges in the input hypergraph. Both these randomized
algorithms are based on random contraction of hyperedges and are inspired partly by earlier work
in |15] for HYPERGRAPH-MINCUT. These randomized algorithms also imply that the number of

2Consider the n-vertex hypergraph G = (V, E) where E consists of all size-2 hyperedges each of cost § = 6((2) -

(1+¢)(n—1))"" and a hyperedge e = V of cost 1. The cost of a minimum cut is X := 1+ 8(n — 1). The cost of every
cut is at most 1+ 6(5) < (1+e€)A.



minimum k-cut-sets is O(n?*~2) and that all of them can be enumerated in randomized polynomial
time. Chandrasekaran and Chekuri (2020) [2| designed a deterministic polynomial-time algorithm
for HYPERGRAPH-k-CUT via a divide and conquer approach. We emphasize that their algorithm
finds a minimum k-partition and did not have the tools to find all minimum k-cut-sets.

A polynomial bound on the number of minimum k-cut-sets along with the existence of a ran-
domized polynomial-time algorithm to enumerate all of them raises the possibility of a deterministic
algorithm for ENUM-HYPERGRAPH-kK-CUT. As we mentioned earlier, there are two deterministic
approaches for ENUM-GRAPH-k-CUT—tree packing and divide-and-conquer. The tree packing ap-
proach does not seem to extend to hypergraphs (even for HYPERGRAPH-MINCUT). This leaves the
divide-and-conquer approach. Notably, this approach also led to the first deterministic algorithm
for HYPERGRAPH-k-CUT in the work of Chandrasekaran and Chekuri [2]. As mentioned earlier, we
adapt Chandrasekaran and Chekuri’s divide-and-conquer approach and augment it with structural
results for minimum k-cut-sets to prove our main result stated in Theorem

1.3 Preliminaries

Let G = (V, E) be a hypergraph. Throughout, we will follow the notation mentioned in the second
paragraph of Section We will repeatedly rely on the fact that the hypergraph cut function
d: 2V — R, is symmetric and submodular. We recall that a set function f : 2" — R is symmetric
if f(U) = f(U) for all U C V and is submodular if f(A) + f(B) > f(AN B) + f(AU B) for all
subsets A,B C V.

We will need a partition uncrossing theorem that is a strengthening of a result from [2|. We
state the strengthened version below. See Figure [I] for an illustration of the sets that appear
in the statement of Theorem We emphasize that the second conclusion in the statement of
Theorem is the strengthening. The proof of the second conclusion is similar to the proof of
the first conclusion which appears in |2|]—we present a proof of both conclusions for the sake of
completeness in Appendix [A]

Theorem 1.5. Let G = (V, E) be a hypergraph, k > 2 be an integer and ) # R C U C V. Let
S ={u1,...,up} CU\R forp>2k—2. Let (4;, A;) be a minimum ((SU R) \ {u;},U)-terminal
cut. Suppose that u; € A; \ (UjeppqiyAj) for every i € [p]. Then, the following two hold:

1. There ezists a k-partition (Py,...,P) of V with U C P}, such that

cost( P, .., Py) < % min{d(A:) + d(A;) i, € [p],i # j}.

2. Moreover, if there exists a hyperedge e € E such that e intersects W := Ui<icj<p(Ai N Aj),
e intersects Z := Nicpp Ai, and e is contained in W U Z, then the inequality in the previous
conclusion 1is strict.

2 Enumeration Algorithm

We will use Theorems and to design a deterministic polynomial-time algorithm for ENUM-
HYPERGRAPH-k-CUT in this section. We describe the formal algorithm in Figure [2] It enumerates
nO®) source minimal minimum (S, T')-terminal cuts and considers the cut-set crossing each cut in
this collection. If the removal of the cut-set leads to at least k& connected components, then it adds
such a cut-set to the candidate family F; otherwise, it adds the source set of the cut into a candidate
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Figure 1: Illustration of the sets that appear in the statement of Theorem

collection C. Next, the algorithm considers all possible k-partitions that can be formed using the sets
in the collection C and adds the set of hyperedges crossing the k-partition to the family F. Finally,
it prunes the family F to return all minimum k-cut-sets in it. The run-time guarantee and the
cardinality of the family of k-cut-sets returned by the algorithm are given in Theorem Theorem
follows from Theorem by observing that the source minimal minimum (.5, 7")-terminal cut
in a hypergraph can be computed in deterministic polynomial time—e.g., it can be computed in a
n-vertex hypergraph of size p in O(np) time [6].

Algorithm Enum-Cuts(G = (V. E). k)
Input: Hypergraph G = (V, E) and an integer k > 2
Output: Family of all minimum k-cut-sets in G
Initialize C <+ 0, F <
For each pair (S,T) such that S, 7 CV with SNT =0 and |S|,|T| <2k —1
Compute the source minimal minimum (S, T')-terminal cut (U, U)
If G — 0(U) has at least k connected components
F+ FU{sU)}
Else
C+ CuU{U}
For each k-partition (Uy,...,Uy) of V with Uy,..., U, € C
F <+ FU{o(Uy,..., Uk}
Among all k-cut-sets in the family F, return the subfamily of cheapest ones

Figure 2: Algorithm to enumerate hypergraph minimum k-cut-sets

Theorem 2.1. Let G = (V, E) be a n-vertex hypergraph of size p and let k be an integer. Then,
Algorithm Enum-Cuts(G, k) in Figure @ returns the family of all minimum k-cut-sets in G and it
can be implemented to run in O(n*=2)T(n,p) + O(n**~2p) time, where T(n,p) denotes the time
complezity for computing the source minimal minimum (s,t)-terminal cut in a n-vertex hypergraph
of size p. Moreover, the cardinality of the family returned by the algorithm is O(n%(%*l)).

Proof. We begin by showing correctness. The last step of the algorithm considers only k-cut-sets in
the family F, so the algorithm returns a subfamily of k-cut-sets. We only have to show that every
minimum k-cut-set is in the family F; this will also guarantee that every k-cut-set in the returned
subfamily is indeed a minimum k-cut-set.

Let FF C FE be a minimum k-cut-set in G and let (Vi,...,V}) be a minimum k-partition such
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that F' = 0(V1,...,Vk). We will show that F is in the family F. We know that d(V;) < OPT}, for
every i € [k]. We distinguish two cases:

1. Suppose d(V;) < OPTy, for every i € [k].

Consider an arbitrary part V; where i € [k]. By Theorem there exist disjoint subsets
S, T CV with |S|,|T| < 2k — 2 such that (V;,V;) is the unique minimum (S, T')-terminal cut.
Hence, the set V; is in the collection C. Consequently, all parts Vi, ..., Vi are in the collection
C. Hence, the set F' = §(V1,...,V)) is added to the family F in the second for-loop.

2. Suppose there exists ¢ € [k] such that d(V;) = OPTy.

In this case, we have 6(V;) = F = §(V1, ..., Vk). By Theorem there exist disjoint subsets
S, T CV with |S|,|T| < 2k — 1 such that the source minimal minimum (.S, T')-terminal cut
(A, A) satisfies §(A) = §(V;) = F. Therefore, the set F is added to the family F in the first
for-loop.

Thus, in both cases, we have shown that the set F' is contained in the family F. Since the algorithm
returns the subfamily of hyperedge sets in F that correspond to minimum k-cut-sets, the set F is
in the family returned by the algorithm.

Next, we bound the run time and the number of minimum k-cut-sets returned by the algo-
rithm. The first for-loop can be implemented using O(n**~2) source minimal minimum (s, ¢)-
terminal cut computations. Moreover, the size of the collection C is O(n**~2). The number of
tuples (Uy,...,Us) € C* is O(n**~2%). Verifying if a tuple (Ui, ...,Uy) forms a k-partition takes
O(n) time. For a tuple which forms a k-partition, computing the hyperedges crossing that partition
takes O(p) time. Thus, the second for-loop can be implemented to run in time O(n4k2_2kp). The
size of the family F is O(n4k2_2k ). Each k-cut-set in F has representation size at most p. Hence,
computing the size of each k-cut-set in F and returning the cheapest ones can be implemented to
run in time O(n**~2p). Thus, the overall run-time is O(n**~2)T(n,p) + O(n**~2Fp). O

3 Proof of Theorem 1.2

We prove Theorem in this section. We will use the following theorem to prove Theorem

Theorem 3.1. Let G = (V, E) be a hypergraph and let OPT}, be the value of a minimum k-cut-set
in G for some integer k > 2. Suppose (U,U) is a 2-partition of V with d(U) < OPT},. Then, for
every vertex s € U, there exists a subset S C U\{s} with |S| < 2k — 3 such that (U,U) is the unique
minimum (S U {s},U)-terminal cut.

Proof. Let s € U. Consider the collection
C:={QCV\{s}:U<QdQ)=<dU)}

Let S be an inclusion-wise minimal subset of U \ {s} such that SNQ # () for all Q € C, i.e., the set
S is completely contained in U\{s} and is a minimal transversal of C. Proposition [3.1) and Lemma
complete the proof of Theorem [3.I] for this choice of S. O

Proposition 3.1. The 2-partition (U,U) is the unique minimum (S U {s},U)-terminal cut.

Proof. For the sake of contradiction, suppose (Y,Y) is a minimum (S U {s}, U)-terminal cut with
Y # U. This implies that SU{s} CY and U C Y. Moreover, we have d(Y) < d(U) because (U,U)
is a (SU{s}, U)-terminal cut. Consequently, the set Y is in the collection C. Since S is a transversal
of the collection C, we have that SNY # (). This contradicts the fact that S is contained in Y. [
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Lemma 3.1. The size of the subset S is at most 2k — 3.

Proof. For the sake of contradiction, suppose |S| > 2k — 2. Our proof strategy is to show the
existence of a k-partition with cost smaller than OPT}, thus contradicting the definition of O PTj.
Let S := {uy,us,...,u,} for some p > 2k — 2. For each i € [p], let (A;, A;) be the source minimal
minimum ((SU {s})\{w;}, U)-terminal cut. The following claim will allow us to show that the cuts
(A;, A;) satisfy the hypothesis of Theorem

Claim 3.1. For every i € [p], we have d(A;) < d(U) and u; € A;.

Proof. Let i € [p]. Since S is a minimal transversal of the collection C, there exists a set B; € C
such that B; NS = {u;}. Hence, (B;, B;) is a ((S U {s})\{u;}, U)-terminal cut. Therefore,

d(4;) < d(B;) < d(U).

We will show that A; is in the collection C. By definition, A; C V \ {s} and U C A;. If
A; = U, then the above inequalities are equations implying that (B;, B;) is a minimum ((S U
{s})\{u;}, U)-terminal cut, and consequently, (B;, B;) contradicts source minimality of the mini-
mum ((S U {s})\{w;},U)-terminal cut (4;, 4;). Therefore, U C A;. Hence, A; is in the collection
C.

We recall that the set S is a transversal for the collection C and moreover, none of the elements
of S\ {u;} are in A; by definition of A;. Therefore, the vertex u; must be in A;. d

Using Claim we observe that the sets U, R := {s}, S, and the partitions (A;, 4;) for i € [p]
satisfy the conditions of Theorem [I.5] By the first conclusion of Theorem [I.5] and Claim [3.1] we
obtain a k-partition (Py, ..., P;) of V such that

1
COSt(Pl,. . .,Pk) < imln{d(Al) +d(Aj) 11,5 € Lp],l 75 ]} < d(U) < OPT;,.

The last inequality above is by the assumption in the theorem statement. Thus, we have obtained
a k-partition whose cost is smaller than OPT}, a contradiction.
O

Applying Theorem to (U, U) yields the following corollary.

Corollary 3.1. Let G = (V, E) be a hypergraph and let OPT}, be the value of a minimum k-cut-set
in G for some integer k > 2. Suppose (U,U) is a 2-partition of V with d(U) < OPT},. Then, for
every vertex t € U, there exists a subset T C U\{t} with |T| < 2k — 3 such that (U,U) is the unique
minimum (U, T U{t})-terminal cut.

We now restate Theorem and prove it using Theorem [3.1] and Corollary

Theorem 1.2. Let G = (V, E) be a hypergraph and let OPT}, be the value of a minimum k-cut-set
in G for some integer k > 2. Suppose (U,U) is a 2-partition of V with d(U) < OPT},. Then, for
every pair of vertices s € U and t € U, there exist subsets S C U\ {s} and T C U \ {t} with
|S| <2k — 3 and |T| < 2k — 3 such that (U,U) is the unique minimum (S U {s}, T U {t})-terminal
cut in G.

Proof. Let s € U and t € U. By Theorem 3.1} there exists a subset S C U\ {s} such that |S| < 2k—3
and (U, U) is the unique minimum (SU {s}, U)-terminal cut. By Corollary there exists a subset
T C U such that |T| < 2k —3 and (U, U) is the unique minimum (U, T U {t})-terminal cut. We now
show that (U, U) is the unique minimum (S U {s}, T U {t})-terminal cut.

We now show that (U, U) is the unique minimum (S U {s},T U {t})-terminal cut. Let (Y,Y) be
a minimum (S U {s},T U {t})-terminal cut. Suppose Y # U. We have the following observations:
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1. Since (U,U) is a (S U {s},T U {t})-terminal cut, we have that d(U) > d(Y).
2. Since (UNY,UNY) is a (SU{s}, U)-terminal cut, we have that d(UNY) > d(U).
3. Since (UUY,UUY) isa (U, T U {t})-terminal cut, we have that d(U UY) > d(U).

Moreover, since Y # U, we have that either UNY # U or UUY # U. Since (U,U) is the
unique minimum (S U {s}, U)-terminal cut and also the unique minimum (U, T U {t})-terminal cut,
it follows that either d(UNY') > d(U) or d(UUY') > d(U). These observations in conjunction with
the submodularity of the hypergraph cut function imply that

20(U) > d(U) +d(Y) > dUNY) +dUUY) > 2d(U),

a contradiction. Hence, Y = U. O

4 Proof of Theorem [1.3

We prove Theorem in this section. We begin with the following useful containment lemma.
Variants of this containment lemma have appeared in the literature before under slightly different
hypothesis (e.g., see |2,/10,17,35]).

Lemma 4.1. Let G = (V, E) be a hypergraph, k > 2 be an integer, P = (V1,..., Vi) be a minimum
k-partition such that §(P) = 6(V1), and S C Vi, T C V4 such that TNV, # 0 for allj € {2,3,...,k}.
Suppose that (U,U) is the source minimal minimum (S, T)-terminal cut. Then, U C V; and (U,U)
is a minimum (S, V1 )-terminal cut.

Proof. We note that S CU NV, so (UNV,UNWV) is a (S,T)-terminal cut. Thus, we have
dUnWvy) >d). (1)

v, W Vs Vs Vi

Pl | e | e T----1---- -1 =
1
1

Figure 3: Uncrossing in the proof of Lemma

Now consider P = (Wy := U UV, Wy := Vo \ U,..., Wy := Vi \ U) (see Figure [3). For each
i€{2,3,...,k}, we have 0 # T NV; C V;\ U, so P’ is a k-partition. Since 6(P) = §(V1), every
hyperedge which crosses P must intersect V;. Consequently, every hyperedge which crosses P’ must
intersect U U V;. Therefore

d(U U Vp) = cost(P’) > cost(P) = d(V1). (2)
By submodularity of the hypergraph cut function and inequalities and , we have that

d(U) +d(V1) =2 d(UN V1) +dU U V1) 2 d(U) + d(V1).
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Therefore, inequality is in fact an equation and hence, (U NVi,U NV}) is a minimum (5, 7T)-
terminal cut. If U\ Vi # (), then (U N V;,U N V}) contradicts source minimality of the minimum
(S, T)-terminal cut (U,U). Hence, U \ V4 = () and consequently, U C V;.

Since U C V;, we have that (U,U) is a (S, Vj)-terminal cut. Furthermore, since T' C V1, every
(S, V1)-terminal cut is also a (S, T)-terminal cut. Therefore, every (S, Vi)-terminal cut must have
weight at least d(U), and hence (U, U) is a minimum (S, V; )-terminal cut. O

We now restate and prove Theorem

Theorem 1.3. Let G = (V, E) be a hypergraph, k > 2 be an integer, and P = (Vi,..., Vi) be a
minimum k-partition such that 5(Vi) = §(P). Then, for all subsets T C Vi such that T NV; # ()
forall j € {2,3,...,k}, there exists a subset S C Vi with |S| < 2k — 1 such that the source minimal
minimum (S, T)-terminal cut (A, A) satisfies 6(A) = §(V1) and A C V.

Proof. Let us fix an arbitrary 7' C Vj such that T NV; # 0 for all j € {2,...,k}. For a subset
X C V4, we denote the source minimal minimum (X, 7')-terminal cut by (Hx, Hx). By Lemma
for all X C V; we have that Hx C Vj and d(Hx) < d(V1). If |Vi| < 2k — 1, then choosing S = V;
proves the theorem. So, we will assume henceforth that |Vi| > 2k — 1. We will show that there
exists a subset S C V; with |S| < 2k — 1 such that the source minimal minimum (S, T')-terminal cut
(Hs, Hg) satisfies §(Hg) = §(V1). This suffices since we have that Hg C V; for all subsets S C V;
(by Lemma [4.1)).

For the sake of contradiction, suppose that for every S C V; with |S| < 2k—1, the source minimal
minimum (S, T)-terminal cut (Hg, Hg) does not satisfy 6(Hg) = §(V1). Our proof strategy is to
obtain a cheaper k-partition than (V4,..., V), thereby contradicting the optimality of (Vi, ..., Vk).

Let S C Vi be a set of size 2k — 1 such that Hg is maximal—i.e., there does not exist S’ C V;
of size 2k — 1 such that Hgr 2 Hg. Let S := {uj,ug,...,usr_1}. By assumption, we have that
§(Hgs) # 6(V1), but since (V1,17) is a (S, T)-terminal cut, we have that d(Hg) < d(V1). Therefore,
(V1) \ 0(Hg) is non-empty. Let us fix a hyperedge e € §(V1) \ 6(Hg). Let ugp € en Vi, Let
C = SU{ug}t = {u1,...,ugg—1,uzr}. For notational convenience we will use C' — u; to denote
C\ {w;} and C — u; — u; to denote C'\ {w;,u;} for all i,j € [2k]. The choice of the hyperedge
e is crucial to our proof—its properties will be used much later in our proof. We summarize the
properties of the hyperedge e here.

Observation 4.1. The hyperedge e has the following properties:
1.enVy #0,
2. ugr € e, and
3. e C Hg.

Our strategy to arrive at a cheaper k-partition than (Vi,. .., V%) is to apply the second conclusion
of Theorem [1.5] The next few claims will set us up to obtain sets that satisfy the hypothesis of
Theorem [L5

Claim 4.1. For every i € [2k|, we have u; & Ho—y, .

Proof. If i = 2k, then by Observation we have ug;, € e and e C Hg s0 ugy, € Hg = Ho_y,, -
Suppose i € [2k — 1]. Our proof will rely on the choice of S.

Suppose for contradiction that u; € Ho_,, for some i € [2k—1]. Then, we have that S C Ho_,,,
so (Ho—y, NHg,Ho—y, N Hg) is a (S, T)-terminal cut. Therefore,

d(Hc—u; N Hs) > d(Hsg). (3)
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Also, since (Ho—_y; U Hg, Ho—y, U Hg) is a (C — u;, T')-terminal cut, we have that
d(He—u; U Hg) > d(He—u,). (4)
By submodularity of the hypergraph cut function and inequalities and , we have that
d(Hs) + d(Ho—v;) > d(Ho—u, N Hg) + d(Ho—y; U Hg) > d(Hg) + d(Ho—u,)-

Therefore, inequality is an equation, and consequently, (Hc—, NHg, Ho—y, N Hg) is a minimum
(S,T)-terminal cut. If Ho—, N Hs C Hg, then (Ho—_y, N Hg, Ho—y, N Hg) contradicts source
minimality of the minimum (S, T)-terminal cut (Hg, Hg). Therefore Ho_,, N Hg = Hg and hence,
Hg C Ho—y,;. Also, the vertex ugy is in C' — u; but not in Hg and hence, Hs C Hc—,,;. However,
|C' — u;| = 2k — 1. Therefore, the set C' — u; contradicts the choice of S. O

The following claim will help in showing that u;,u;j ¢ Ho—y,—u;, which in turn, will be used to
show that the hypothesis of Theorem is satisfied by suitably chosen sets.

Claim 4.2. For every i,j € [2k], we have Ho—y;—u; € Ho—y,-

Proof. We may assume that i # j. We note that (Ho—w,—u; N Ho—u;, Ho—u;—u; N Ho—y,) is a
(C — u; — uj, T)-terminal cut. Therefore

d(HcfuifuJ‘ N HCfui) > d(HCfuiij)- (5)

Also, (He—u;—u; U Ho—uys Ho—u;—u; U Ho—y,) is a (C' — u;, T')-terminal cut. Therefore
d(HC*ui*uj U HC*ui) = d(HC*Ui)' (6)
By submodularity of the hypergraph cut function and inequalities and @, we have that

d(HC—ui—u]- ﬂ HC—UZ) + d(HC—ui—u]- U HC—UZ)
d

>
> (Hc—ui—uj) + d(HC—uz)

Therefore, inequality (5) is an equation, and consequently, (Hc—w; —u; VHo—u;, Ho—u;—u; N Ho—u;)
is a minimum (C' — u; — uy, T)-terminal cut. If Ho—y,—u; \ Ho—u, # (0, then

(Ho—wi—u; N He—u;, Ho—u;—u; N Ho—y,;) contradicts source minimality of the minimum (C' — u; —
ugj, T)-terminal cut (Ho—w; —u;» Ho—u;—u; ). Hence, Ho—y;—u, \Hc—y; = 0 and consequently, Ho—y; —u; €
Hey,. O

Claim [£.2] implies the following Corollary.
Corollary 4.1. For every i € [2k], we have u;, uj & Ho—y;—u,-

Proof. By Claim we have that u; ¢ Ho—y, and u; & Ho—y,. Therefore, uj, uj & Ho—u, NHo ;-
By Claim He y;—u; € Ho—y, and Ho—y;—u; € Ho—y;. Therefore, Ho—y,—vw; € Ho—u;NHo—u;,
and thus, u;, u; € Ho—y;—u; - O

The next claim will help in controlling the cost of the k-partition that we will obtain by applying
Theorem [L5

Claim 4.3. For every i,j € [2k], we have d(Hc—y;) = d(V1) = d(Ho—u;—u;)-
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Proof. Let a,b € [2k]. Since (V1,V7) is a (C — ug, T)-terminal cut, we have that d(Ho_,,) < d(V1).
Since (Ho—y,, Ho—u,) is a (C' —uq — up, T')-terminal cut, we have that d(Ho—y,—v,) < d(Ho—qy,) <
d(V1). Thus, in order to prove the claim, it suffices to show that d(Hc—y,—v,) > d(V1).

Suppose for contradiction that d(Hc—y,—v,) < d(Vi). Let ¢ € [2k] \ {a,b} be an arbitrary
element (which exists since k > 2). Let R := {u,}, U :=V1, 8" := C—ug—uy, and A; := Ho—y,—y,
for every i € [2k] \ {a,¢}. We note that |S’'| = 2k — 2. By Lemma we have that (4;, 4;) is a
minimum (C — ug — u;, V1)-terminal cut for every i € [2k] \ {a,£}. Moreover, by Corollary we
have that u; € A; \ (Ujecpon)\{a,i,e3 Aj) for every i € [2k] \ {a,£}. Hence, the sets U, R, and S’, and
the cuts (A;, A;) for i € [2k] \ {a, £} satisfy the conditions of Theorem Therefore, by the first
conclusion of Theorem m there exists a k-partition P’ with

cost(P') < % i d(Ho—uy ) + A(Ho—uy ) i, € 28]\ {a. £}}.

By assumption, d(Ho—y,—v,) < d(V1) and b € [2k]\{a, ¢}, so min{d(Hc—y,—v,): ¢ € [2k]\{a,l}} <
d(V1). Since (V4, V1) is a (C —ug — u;, T)-terminal cut, we have that d(Heo—y,—y;) < d(V4) for every
i € [2k] \ {a, £}. Therefore,

%min{d(Hc_ua_ui) e d(Hey ) irj € 2K\ {a, £} < d(VA) = cost(P).

Thus, we have that cost(P’) < cost(P), which is a contradiction, since P is a minimum k-partition.

O

The next two claims will help in arguing properties about the hyperedge e which will allow us
to use the second conclusion of Theorem [I.5] In particular, we will need Claim [£.5 The following
claim will help in proving Claim

Claim 4.4. For every i,j € [2k|, we have

d(HC’—ui N Hc_uj) = d(Vl) = d(HC’—ui U HC—uj)-

Proof. Since (Ho—y, N Heowjy Ho—u; N Ho—y;) is a (C — u; — uj, T)-terminal cut, we have that
d(Ho—w; " He—y;) 2 d(Ho—y;—u;)- By Claim we have that d(Ho v, ;) = d(V1) = d(Hc—y,)-
Therefore,

d(Ho—y, N Hcfuj) > d(Ho—uy,)- (7)

Since (Ho—v; U Ho—uy, Ho—u; U Ho—y;) is a (C — uj, T)-terminal cut, we have that
d(Ho—u;, UHo—y;) > d(Ho—u;)- (8)
By submodularity of the hypergraph cut function and inequalities @ and , we have that
d(Ho—v;) + d(Ho—u;) 2 d(Ho—u, N Ho—y;) + d(Ho—u; U Ho—y;) 2 d(Ho—y;) + d(Ho—u;).-
Therefore, inequalities and are equations. Thus, by Claim we have that
d(He—u; NHo—y;) = d(Ho—y,) = d(V1),

and
d(HCfui U HCfuJ') = d(HCij) =d(W1).
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Claim 4.5. For every i, j, £ € [2k] with i # j, we have Ho—y, € Ho—y; U Ho ;-

Proof. 1f £ =i or £ = j the claim is immediate. Thus, we assume that ¢ & {i,j}. Let Q := Hcy, \
(Ho—u; UHo ;). We need to show that Q = 0. We will show that (Ho—., \ Q, Ho—y, \ Q) is a
minimum (C —uy, T)-terminal cut. Consequently, ) must be empty (otherwise, Hc—y,, \Q € Hco—y,
and hence, (Hco—y, \ Q,Hc—v, \ Q) contradicts source minimality of the minimum (C — uy, T)-
terminal cut (Ho—y,, Ho—u,))-

We now show that (Hco—y, \ @, Ho—y, \ @) is a minimum (C' — wy,T)-terminal cut. Since
He u,\Q = Hc—y,N(Ho—u; UHo_y;), we have that C —u; —uj —up € Ho—y, \ Q. We also know
that u; and u; are contained in both Ho_,, and Ho_,,, U Hew,. Therefore, C —uy C Ho—yy, \ Q.
Thus, (Ho—u, \ @, Ho—u, \ Q) is a (C' — uy, T)-terminal cut. Therefore,

d(Ho—uy O (Ho—yy U Ho-))) = d(He— oy \ Q) > d(Hey,). (9)

We also have that (He v, U(Ho—w, UHo ;) Ho—u, U (Ho—u, U Ho—y;)) is a (C — u;, T')-terminal
cut. Therefore, d(Hg—y, U (Ho—u, U Ho—y;)) > d(Hco—y,;). By Claims and , we have that
d(Ho—y;) = d(V1) = d(Hc—y; U Ho ;). Therefore,

d(HC—Ug U (HC—ui U HC_'le)) > d(HC—ui @) HC—U]')‘ (10)
By submodularity of the hypergraph cut function and inequalities @D and 7 we have that

d(HC—W) + d(HC_ui U HC—uj) (HC—W N (HC—Ui U HC—UJ')) + d(HC—ue U (HC—W U HC—U]'))

>d
> d(HC—ue) + d(HC—ui U HC—uj)-

Therefore, inequalities @ and are equations, so (Ho—y, \ @, Ho—y, \ @) is a minimum (C' —
ug, T')-terminal cut. O

Let R := {ug}, U := Vi, and let (A;, A;) := (Ho—y,, Ho—v,) for every i € [2k — 1]. By Lemma
we have that (A;, A;) is a minimum (C — u;, V;)-terminal cut for every i € [2k — 1]. Moreover,
by Claim , we have that u; € A; \ (Ujepar—1)\{i}A4;). Hence, the sets U, R, and S, and the cuts
(A;, A;) for i € [2k — 1] satisfy the conditions of Theorem We will use the second conclusion
of Theorem We now show that the hyperedge e that we fixed at the beginning of the proof
satisfies the conditions mentioned in the second conclusion of Theorem [L.El We will use Claim [£.5]
to prove this. Let W := Ui<jcj<or—1(A;NA; ) and Z := ﬂie[zk,l]E as in the statement of Theorem

Claim 4.6. The hyperedge e satisfies the following conditions:
1. enW #10,
2. eNZ#0, and
. eCWULZ.

Proof. 1. By Lemma for every i € [2k — 1] we have Vi C A;, and therefore Vi € W. Thus,
by Observation we have that ) ZenNV; CenW.

2. By definition, for every i € [2k — 1], we have ug, € Ho_y, = A;, and therefore ugy, € Z. Thus,
by Observation we have that e N Z # ().
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3. For every i € [2k — 1], let Y; := A; \ W. We note that (Y7,...,Yo_1, W, Z) is a partition of
V. Therefore, in order to show that e C W U Z, it suffices to show that e N'Y; = ) for every
i € [2k — 1]. By Observation we know that e C Hg. We will show that HgN'Y; = () for
every i € [2k — 1] which implies that e N'Y; = 0 for every i € [2k — 1]. Let us fix an index
i € [2k — 1]. We note that

Yi= A\ W= 4;\ U (Aandy) | =43\ U (Aandy)nay)

1<a<b<2k—1 1<a<b<2k—1

Jel2k—1\{i} Jel2k—1\{i} Jel2k—1\{i}
=A;N N 4= N 4| \4.
J€2k—1\{i} Je2k—1\{i}
Therefore,
vods= (| N A& nm= (| N A)\A|aEs
Jel2k—1\{i} JE[2k—1]\{i}

= m HC—Uj \ (He—y, U HC—uzk) .
Je2k—1\{i}

By Claim we have that Ho—y, € Ho—y; U Ho—u,, for every j € [2k — 1]\ {i}. Therefore,
Hoou; \ (Ho—u, U Ho—uy,) = 0 for every j € [2k — 1]\ {i}, and hence,

N Heu |\ (Hemu UHoouy,) = 0.
JE[2k—1]\{i}

Thus, we have Y; N Hg = ().
0

By Claim [4.6] the hyperedge e satisfies the conditions of the second conclusion of Theorem
Therefore, by Theorem , there exists a k-partition P’ with

cost(P') < %min{d(Ai) Cd(A) iy € 2k— 1] £ )

=d(W) (By Claim
= cost(P). (By assumption of the theorem)

Thus, we have obtained a k-partition P’ with cost(P’) < cost(P), which is a contradiction since P
is a minimum k-partition. O

5 Stronger Structural Theorem for k£ = 2

We prove the stronger version of Theorem [I.3|for k¥ = 2—mamely Theorem [1.4}—in this section. We
were able to prove Theorem via two more techniques that are different from the one presented
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in this section—one technique is via a novel three-cut-set-lemma while the second technique is via
the canonical decomposition of hypergraphs [6,[8,9,/13]. It is unclear how to generalize both these
techniques to k > 3. Here, we present a proof of Theorem that closely resembles the proof of
Theorem [I.3] We give an alternative proof of this theorem based on the three-cut-set-lemma in
Section [Gl

We will again use the containment lemma (Lemma in our proof. We mention how we obtain
the stronger statement relative to Theorem [I.3]in the proof below. We restate and prove Theorem

[C4 now.

Theorem 1.4. Let G = (V, E) be a hypergraph and P = (V1,Va2) be a minimum cut. Then, for all
non-empty subsets T C Vs, there exists a subset S C Vi with |S| < 2 such that the source minimal
minimum (S, T)-terminal cut (A, A) satisfies 6(A) = §(V1) and A C V.

Proof. Let us fix an arbitrary non-empty subset 7 C Vi = V,. For a subset X C V;, we denote
the source minimal minimum (X, T)-terminal cut by (Hx, Hx). By Lemma for all X C V; we
have that Hy C Vj. If |V1| < 2, then choosing S = V} proves the theorem. So, we will assume
henceforth that [V1| > 3. We will show that there exists a subset S C V; with |S| < 2 such that the
source minimal minimum (S, T)-terminal cut (Hg, Hg) satisfies §(Hg) = §(V4). This suffices since
we have that Hg C Vj for all subsets S C V; (by Lemma .

We begin with the following useful claim. We note that Claim [5.1] crucially relies on the fact
that V; is a part of a minimum cut (i.e, it crucially relies on k = 2)—it does not hold if V; is a part
of a minimum k-partition for k£ > 3.

Claim 5.1. For every X C Vi, we have that d(Hx) = d(V1).

Proof. Since X C Vi and T C Vi, we have that (V4,V3) is a (X, T)-terminal cut. Since (Hx, Hx)
is a minimum (X, 7T)-terminal cut, we have that d(Hx) < d(V}). Since (Hx, Hy) is a cut, and
(V1,V2) is a minimum cut, we have that d(Hx) > d(V1). Thus, d(Hx) = d(V1). O

For the sake of contradiction, suppose that for every S C V; with |S| < 2, the source minimal
minimum (S, T)-terminal cut (Hg, Hg) does not satisfy 6(Hg) = §(V4). Our proof strategy is to
obtain a cheaper cut than (V1, V3), thereby contradicting the optimality of (V1, V3).

Let S C Vi be a set of size 2 such that Hg is maximal—i.e., there does not exist S’ C V; of size
2 such that Hg 2 Hg. In contrast to the proof of Theorem [I.3] where subsets S of size 3 had to
be considered, here we only consider subsets S of size 2. We will see that this suffices to arrive at
a contradiction. Let S := {u;,us}. By assumption, we have that §(Hg) # 0(V1), but by Claim
we have that d(Hg) = d(V1). Therefore, 6(V1) \ 6(Hg) is non-empty. Let e € 6(V;) \ 6(Hg). Let
us € eNVy. Let C := {uy,ug,us}. For notational convenience we will use C'— u; to denote C'\ {u;}
and C' — u; — u; to denote C'\ {u;, u;} for all 7,5 € [3]. The choice of the hyperedge e is crucial to
our proof—its properties will be used much later in our proof. We summarize the properties of the
hyperedge e here.

Observation 5.1. The hyperedge e has the following properties:
1.enVy #0
2. uz € e, and
3. e C Hg,

Our strategy to arrive at a cheaper cut than (V1, V2) is to apply the second conclusion of Theorem
The next few claims will set us up to obtain sets that satisfy the hypothesis of Theorem
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Claim 5.2. For every i € [3], we have u; € Ho—y, .

Proof. By Observation We have uz € e and e C Hg, so uz ¢ Hg = Ho_y,. Suppose i € [2]. Our
proof will rely on the choice of S.

Suppose for contradiction that u; € He—y,, for some ¢ € [2]. Then we have that S C Heo_y,, so
(Ho—w, N Hs, Ho—y, N Hg) is a (S, T)-terminal cut. Therefore,

d(Hc—u; N Hs) > d(Hg). (11)
Also, since (He—y; U Hg, Ho—y, U Hg) is a (C' — u;, T)-terminal cut, we have that
d(Ho—y; U Hg) > d(Ho—y,)- (12)
By submodularity of the hypergraph cut function and inequalities ((11)) and , we have that
d(Hs) + d(Ho—y,) > d(Ho—u, N Hg) + d(Ho—yw; U Hg) > d(Hg) + d(Hco—u,)-

Therefore, inequality is an equation, and consequently, (Ho—y,NHg, Ho—y, N Hg) is a minimum
(S, T)-terminal cut. If Ho_,, N Hg C Hg, then this contradicts the source minimality of the
minimum (S, T)-terminal cut (Hg, Hg). Therefore, Ho—,, N Hs = Hg and hence, Hg C Hc—y,.
Also, the vertex ug is in C' — u; but not in Hg and hence, Hg C H¢—,,. However, |C — u;| = 2.
Therefore, the set C' — u; contradicts the choice of S. O

The next two claims will help in arguing properties about the hyperedge e which will allow us
to use the second conclusion of Theorem [I.5] In particular, we will need Claim [5.4 The following
claim will help in proving Claim We note the similarity of Claims and in this proof to
Claims [4.4] and in the proof of Theorem In order to prove Claims and we needed
the size of C' to be 2k. Here, we are able to prove Claims [5.3] and [5.4] with the size of C being 2k — 1
(for k = 2). We do this by exploiting Claim [5.1| shown earlier (which holds only for k£ = 2).

Claim 5.3. For every i,j € [3], we have

d(HC,ui N Hcfuj) = d(Vl) = d(Hc,ui U Hcfuj).

Proof. Since (Ho—y,; N Heowjy Ho—u; N Ho—yy) is a (C — u; — uj, T)-terminal cut, we have that
d(Ho—w; " He—y;) 2 d(He—y;—u;)- By Claim we have that d(Ho v, ;) = d(V1) = d(Hc—y,)-
Therefore,

d(HCfui N HC*U]') > d(HC'fui)‘ (13)

Since (Ho—y; U Ho—uy, Ho—u; U Ho—y;) is a (C — uj, T)-terminal cut, we have that
d(Ho—u; UHeo—y;) 2 d(Ho—u)- (14)
By submodularity of the hypergraph cut function and inequalities and , we have that
d(Ho—;) + d(Ho—y;) 2 d(Ho—u, N Ho—uy) + d(Ho—u, U Ho—u;) 2 d(Ho—u;) + d(Ho—y;).
Therefore, inequalities and are equations. Thus, by Claim we have that
d(Hc—u; N Ho—y;) = d(Ho—y,) = d(V1),

and
d(Hc,ui U Hcfuj) = d(HC—uj) =d(\).
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The next claim follows from Claim [5.3] similar to the proof of Claim [4.5 from Claim [4.4] earlier.
We include the proof for the sake of completeness.

Claim 5.4. For every i,j,¢ € [3] with i # j, we have Ho—y, € Ho—y, U Ho—y, .-

Proof. If £ =i or £ = j the claim is immediate. Thus, we assume that ¢ # i,j. Let Q := Ho_y, \
(Ho—w; UHg—y;). We need to show that @ = 0. We will show that (Ho—y, \ Q, Ho—y, \ Q) is a
minimum (C —uy, T')-terminal cut. Consequently, ) must be empty (otherwise, Ho—y,,\Q € Ho—y,
and hence, (Ho—y, \ @, Hc—v, \ Q) contradicts source minimality of the minimum (C' — uy, T)-
terminal cut (Ho—y,, Ho—y,))-

We now show that (Hco—y, \ Q,Hc—y, \ Q) is a minimum (C' — uy, T)-terminal cut. Since
He u,\Q = Hc—y,N(Ho—u, UHo_y;), we have that C —u; —uj —up € Ho—y, \ Q. We also know
that u; and u; are contained in both Ho—y, and He—y; U Ho—y;. Therefore, C'—uy C Ho—y, \ Q.
Thus, (Ho—u, \ @, Ho—u, \ Q) is a (C' — uy, T)-terminal cut. Therefore,

A(He N (Ho -, U Hoay)) = d(Ho-u, \ Q) 2 d(Ho—u,). (15)

We also have that (He v, U(Ho—w, UHo ;) Ho—u, U (Ho—u, U Ho—y;)) is a (C — u;, T')-terminal
cut. Therefore, d(Hg—y, U (Ho—u, U Ho—y;)) > d(Ho—y,;). By Claims and , we have that
d(Ho—y;) = d(V1) = d(Hc—y; U Ho ;). Therefore,

d(I‘IC,WZ U (Hcfuz. U Hofuj)) > d(HC,ui U Hc,uj). (16)
By submodularity of the hypergraph cut function and inequalities and , we have that
d(Ho—v,) +d(Ho—w; U Ho—y;) > d(Ho—u, N (Ho—u; U Ho—y;)) + d(Ho—u, U (Ho—u; U Ho—y;))
> d(Hp ) + d(Ho—uy U Ho ).

Therefore, inequalities and are equations, so (Ho—y, \ @, Ho—y, \ @) is a minimum (C —
ug, T')-terminal cut. O

Let R := {us}, U := V4, and for every i € [2], let (A;, A;) := (Ho—u;, Ho—,)- By Lemma
we have that (A4;, A;) is a minimum (C — u;, V5)-terminal cut for every i € [2]. Moreover, by Claim
we have that u; € A;\ As_;. Hence, the sets U, R, and S, and the cuts (A;, A;) for i € [2] satisfy
the conditions of Theorem [I.5l We will use the second conclusion of Theorem [.LBl We now show
that the hyperedge e that we fixed at the beginning of the proof satisfies the conditions mentioned
in the second conclusion of Theorem We will use Claim to prove this. Let W := A; N As
and Z := A; N Ay as in the statement of Theorem [1.5

Claim 5.5. The hyperedge e satisfies the following conditions:
1.eNW #10,
2. eNZ#0, and
3. eCWULZ.

Proof. 1. By Lemma for every i € [2] we have Vo C A;, and therefore Vo C W. Thus, by
Observation we have that ) ZenNVy CenW.

2. By definition, for every i € [2], we have ug € Ho—y, = A;, and therefore us € Z. Thus, by
Observation we have that eN Z # ().
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3. For every i € [2], let Y; := A; \ W. We note that (Y7, Y2, W, Z) is a partition of V. Therefore,
in order to show that e C W U Z, it suffices to show that eNY; = eNYy = (). By Observation
we know that e C Hg. We will show that HgNY; = ) for every i € [2] which implies that
enY; =0 for every i € [2]. Let us fix a ¢ € [2]. We note that

Vi=A;\W =A4;\ (A1NAy) =4\ A3, = A;NAs; = A3\ A;.
Therefore,
YiNHg = (As_i\ Aj) NHg = (A3 \ Ai)) \ Hs = Ho—uy_, \ (Ho—u, U Ho—y;) -
By Claim [5.4] we have that Ho—y;_, € Ho—u, U Ho—uy. Therefore,
Ho uy_; \ (Ho—w, UHg_yy) = 0.

Thus, for every i € [2], we have Y; N Hg = (.
O

By Claim [5.5] the hyperedge e satisfies the conditions of the second conclusion of Theorem
Therefore, by Theorem , there exists a cut (V{, Vy) with

cost(V{, V§) = d(V}) < 5(d(41) + d(42)) = d(V3).

The last equality above is by Claim Thus, we have obtained a cut (V{,V5) with d(V{) < d(V1),
which is a contradiction since (Vi, V2) is a minimum cut. O

6 Alternative Proof of Stronger Structural Theorem for k£ = 2

In this section we give an alternative proof of Theorem This alternative proof was the first
proof that we discovered for Theorem@ however we are unable to generalize its proof technique to
k > 2 (i.e., to prove theorem [1.3)). We present this alternative proof since we believe that it is based
on a novel 3-cut-set lemma Wthh may be of independent interest. Moreover, it is self-contained
and does not rely on Theorem (as opposed to the proof presented in Section .

Notation. Let G = (V, E) be a hypergraph and let R, S,T,U C V be subsets of vertices. We
define

&

[S]:={ee E:eC S},

E(S,T):={ecE:eCSUT and enS,enT # 0},
ES,T,U):={e€E:eCSUTUU andenS,enT,enU # 0}, and
E(R,S,T,U):={e€c E:eCRUSUTUU andenNR,enS,enT,enU # D}.

Our proof approach is similar to the one used in [16] to prove an analogous structural theorem
for graphs. Their proof relies on the submodular triple inequality which states that for every graph
G = (V,E) and every X,Y,Z C V, we have

dAYNZ2)\X)+d(XNZ)\Y)+d(XNY)\Z)+d(V\(XUYUZ)) <d(X)+dY)+d(2).

Unfortunately, the submodular triple inequality fails to hold in hypergraphs (e.g., consider a hy-
pergraph G = (V, E) where V = {1,2,3,4}, and E = {V}, with X = {1,2}, ¥ = {1,3}, and
Z ={2,3}). Our proof of Theorem instead relies on the following novel Hypergraph 3-cut-set
lemma.
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Lemma 6.1. [Hypergraph 3-cut-set lemmal Let G = (V, E) be a hypergraph, and let X,Y,Z C
V' be non-empty and pairwise disjoint sets such that (X,X),(Y,Y),(Z,Z),( X UY,XUY),(X U
Z,XUZ),(YUZYUZ), and ( XUY UZ XUY UZ) are all minimum cuts. Then,

5(X) =0(Y) = 6(2).

Proof. Let W := X UY U Z. Since (XUYUZ, X UY U Z) is a minimum cut, W # (). Since (X, X)
and (X UY, X UY) are both minimum cuts, we have that d(X) = d(X UY"). The hyperedges which
are in 0(X) but not (X UY') are the hyperedges of E(X,Y’). The hyperedges which are in 6(X UY)
but not §(X) are the hyperedges of E(Y,Z), E(Y,W) and E(Y, Z,W). Thus, we have that

[E(X,Y)| = [E(Y, Z)| + |[E(Y,W)| + |E(Y, Z,W)]|. (17)

We can symmetrically derive versions of Equation for |[E(X, Z2)|, |E(Y,X)|, |[E(Y, Z)|,|E(Z, X)|,
and |E(Z,Y)|. Summing these six equations together we have that

> |E(A,B)| = > |E(A,B)| | +
A,Be{X)Y,Z},A#B A,Be{X)Y,Z},A#B
> (IE(A,W)| + |E(A, B,W)]).

A,BE{X)Y,Z},A#B

Thus, we have that
> (IE(A,W)|+|E(A, B,W)|) = 0.
A,BE{X,)Y,Z},A#B

Therefore we have that for every A, B € {X,Y,Z} with A # B, E(A,W) = E(A,B,W) = 0.
Therefore, we have that
d(X) = [E(X,Y)|+ |E(X, 2)| + |E(X,W)|+
|E(X,Y, Z)| + |E(X,Y,W)|+ |E(X,Z,W)| + |E(X,Y,Z,W)|
= |[EX.)Y)|+|E(X, 2)|+ |[E(X,)Y, Z)| + |[E(X,Y, Z,W)|.
We also have that
AXUYUZ)=|EX,W)|+|EY,W)|+|E(Z W)|+
E(X,Y,W)| + |E(X, 2, W) + |E(Y, 2,W)| + |E(X,Y, Z,W)|
= |E(X,Y, Z,W)|.

Since (XUY UZ, X UY UZ) is a minimum cut, we have that d(X) = d(X UY U Z). Thus, by
the two equations above, we have that

[E(X,Y)|+|EX, 2)| + |E(X,Y, 2)| + |E(X,Y, Z,W)| = |[E(X,Y, Z,W)|.

Thus,
[E(X,Y)|+|E(X, 2)|+ |E(X,Y, Z)| = 0.

Therefore we have that E(X,Y) = E(X,Z) = E(X,Y,Z) = (. By a symmetric argument, we can
conclude that E(Y, Z) = (). Then, we have that

§(X)=6(Y)=6(Z)=06(XUY UZ)=E(X,Y,ZW).
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We will repeatedly use the well-known uncrossing result given in Lemma [6.2] below. We present
a proof for the sake of completeness. We emphasize that the lemma relies only on the submodularity
of the hypergraph cut function and in fact, holds even for submodular functions. We say that two
sets A, B cross if ANB, ANB, AN B, and AN B are all non-empty.

Lemma 6.2. Let G = (V, E) be a hypergraph. Let ABCV and) CSCANB, 0 CTCANB
be sets such that (A, A) and (B, B) are minimum (S,T)-terminal cuts. If A and B cross, then
(ANB,ANB) and (AU B, AU B) are also minimum (S, T)-terminal cuts.

Proof. Since S € AN B and T C AN B, we have that (AN B,ANB) and (AU B, AU B) are
(S, T)-terminal cuts. Since (A4, A) and (B, B) are minimum (S, T')-terminal cuts, we have that

d(A)+d(B) <d(ANB)+d(AUB).
Since the cut function of a hypergraph is submodular, we also have that
d(ANB)+d(AUB) <d(A)+ d(B).
Thus, we conclude that
d(ANB)+d(AUB) =d(A)+d(B),
and therefore (AN B, AN B) and (AU B, AU B) are both minimum (S, T)-terminal cuts. O

Corollary 6.1. Let A, B CV be sets such that (A, A) and (B, B) are minimum cuts. If A and B
cross, then (AN B, AN B) and (AU B, AU B) are also minimum cuts.

We now restate and prove Theorem [T.4]

Theorem 1.4. Let G = (V, E) be a hypergraph and P = (V1,Va2) be a minimum cut. Then, for all
non-empty subsets T C Vs, there exists a subset S C Vi with |S| < 2 such that the source minimal
minimum (S, T)-terminal cut (A, A) satisfies 6(A) = §(V1) and A C V.

Proof. Let T C V be arbitrary and let H := {U C V\T : (U,U) is a minimum cut in G}. Suppose
for contradiction that the theorem does not hold for some Vi € H. For every a,b € Vi, let Hy
be the minimal set in H such that a,b € Hgy, and 0(Hyp) # 0(V1) (a set Hyp with a,b € Hy, and
d(Hgap) # 6(V1) exists since we have assumed that the theorem does not hold for V7).

Claim 6.1. H,, C Vi for every a,b € V.

Proof. Suppose for contradiction that there exist a,b € Vi such that Hy, € Vi. Then Hy, NV; # 0.
If HyNVy =0, then Vi C Hgy, and hence, V; contradicts the minimality of H,y. So, Hy, N V7 # (.
Since a € Hy, N'Vy, and T C Hy, N V7, the sets Hy, and Vi cross. Consequently, by Corollary
the partition (Hg, NVi, Hey NVY) is also a minimum cut, and thus Hy,, N'Vy € H. This contradicts
the minimal choice of Hp. O

Claim 6.2. There exist distinct vertices x,y,z € Vi such that x ¢ Hy., y € Hy., 2 ¢ Hyy, and the
three hyperedge sets 6(Hyy N Hyz),0(Hyy N Hy.), and 6(Hy, N Hy.) are not all equal.

Proof. Let a,b € V| be vertices such that |Hg| is maximum. By the definition of H,;, we have that
§(Hyp) # 6(V1), and since (Hyp, Hyp) is a minimum cut we must have d(Hyp) = d(V1). Therefore,
(V1) \ 0(Hup) # 0, so let e € §(V1) \ 6(Hgy), and let z € e N V;. By Claim we have that
H,, CVy. Since z € e and e € 6(V7) \ 6(Hgp), we have that z & Hg,. Let p € Hyp, be a vertex such
that |Hp, N Hyp| is maximum. Since z € Hy,, \ Hgp,, we have that Hy, # Hp.. Thus, by the choice
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of a and b, we have that Hy, ¢ H,,. Therefore, Hy, \ Hp, # 0. Let y € Hyp, \ Hp,. By our choice
of p, we have that |H,, N Hgp| > |Hy. N Hgpl|. Since y € (Hy, N Hyp) \ (Hp. N Hep), we have that
(Hp: N Hgp) \ Hy, # 0. Let « € (Hp, N Hyp) \ Hy..

We now analyze relationships between some of the sets that we have defined.

Proposition 6.1. y ¢ H,..

Proof. Suppose for contradiction that y € H,,. Then, since y € H)., we have that H,, N Hy,, # 0.
By the choice of p, we have that [Hp, N Hyp| > |Hyz N Hypl|. Since y € (Hy, N Hyp) \ Hyz, we have
that (Hp, N Hyp) \ Hyy # 0. Thus, Hy, N Hy,, # 0. Since z € Hy, N Hy,, we have H,, N Hy, # 0.
By Claim we have H,, N Hipz # (. Thus, H,, and Hp, cross. Therefore, by Corollary , we
have H,, N Hy,, € H. Since H,, N Hy, C H,, and z,z € H,, N H)y., by the choice of x and z, the
set H,, N Hp, contradicts the minimality of H,.. Therefore, we conclude that y ¢ H,.. O

Proposition 6.2. H,, C Hy.

Proof. Suppose for contradiction that H,, & Hg,. By our choice of a,b, we cannot have Hy, C Hy,
either. We know that x,y € Hyy N Hgp, and since Hyy, Hyy C Vi (by Claim , we have that
@ﬁ?@ # (). Therefore, Hy, and Hgy, cross. Thus, by Corollary we have that Hy, N H,y, € H.
Since Hyy N Hypy © Hyy and x,y € Hyp N Hyy, we have that the set Hy, N Hy, contradicts the

=

minimality of H;,. Thus, we conclude that H,, C Hg,. O
We now show that x € Hy., y € H,., and z ¢ H,,. We have the following facts:
1. By our choice of x, we have that = & H,..
2. By Proposition 6.1 we have that y & H,,.

3. By our choice of z, we have that z ¢ Hgp,, and therefore by Proposition [6.2] we have that
2 & Hyy.

Finally we note that the hyperedge e which we selected when choosing z contains both z and
some vertex r in Vi. By definition, we have that z € H,., Hy,. By Claim H,. H, CV.
Therefore, e € 6(H,, N Hy.). By Claim we have that Hy, C Vi, and hence, r € H,,. However,
by choice of e, we have that e ¢ 6(Hyp), and hence e N Hy, = (). Therefore, by Proposition we
have that e N Hyy = 0, and hence e N (Hyy N Hy.) = 0. Thus, e € 6(Hyy N Hy.). Therefore, we
conclude that 6(H,, N Hy;) # 6(Hyy N Hy.), and hence the sets 6(Hyy N Hyz),6(Hyy N Hy,), and
d(Hy. N Hy) are not all equal. This completes the proof of Claim

O

Claim 6.3. Let z,y,z € Vi be such that x ¢ Hy., y € Hy., and 2 ¢ H,y. Then
Hay \ (Hyz U Hy:) = Hy: \ (Hay U Hyz) = Hy, \ (Hay U Hyz) = 0.

Proof. We will prove that Hyy \ (Hz, U Hy;) = 0. The arguments for H,, \ (Hyy U Hy.) and
Hy. \ (Hyy U Hy) are similar.

Let @ := Hyy \ (Hz, U Hy.). We note that € Hy,y N H,,, and therefore H,,, \ @ is non-empty.
Therefore (Hyy \ Q, Hyy \ Q) is a cut. Since (Hyy, Hyy) is a minimum cut, this means that

d(Hzy) < d(Hzy \ Q). (18)

25



The hyperedges which are in §(H,,) but not in §(Hy, \ Q) are the hyperedges in E(Q, Hyy). The
hyperedges Wthh are in 6(Hyzy \ Q) but not 0(H,y) are the hyperedges in E(Q, Hyy \ Q). Thus,
inequality ([18]) implies that

|E(Q, Hay)| < |E(Q, Huy \ Q). 19
Next we note that © € Hy, \ Hy., vy € Hy. \ Hy., 2 € Hy. N H,y, and, by Claim ViCH,.,NHy,.
Therefore, H,, and H,, cross. Thus, by Corollary we have that H,, UH,, € H. If Q = 0
we are done. Otherwise, we have that Hy, N (Hy; UHy.) = Q # 0, y € Hyy N (Hy, U Hy,),
z € Himy N(Hy, U H,y,), and Vi C HyyN (Hy, UHy,). Thus, Hyy and H,, U Hy, cross. Therefore,
by Corollary @, we have that H,, U H,. U H,, € H. Therefore, we have that

—~
~

d(Hyz UHy,) =d(Hyy UH,, UH,,) =d(QU (H,, UH,.)). (20)

Since @ and H,, U H,, are disjoint, we have that the hyperedges which are in §(H,, U H,.) but
not in 6(Q U (H,, U Hy,)) are the hyperedges of E(Q, H,, U H,.), and the hyperedges which are
in 6(QU (Hy, U Hy;)), but not §(H,, U H,,) are the hyperedges of E(Q, Hyy U H,, U Hy.). Thus,
Equation implies that

|E(Q, Hyx UH,y,)| = |E(Q,Hyy U Hyy U Hy)|. (21)
Therefore, we have that
|E(Q, Hay)| > |E(Q, Hyy U Hyz U Hy: )|
= |E(Q, Hy- U Hy:)
> [E(Q, (Hyz U Hyz) N Hayy )
= |E(Q, Hay \ Q)]
> |E(Q, Hyy)|-

Here the equation on the second line comes from Equation and the inequality on the last line
comes from Inequality . Since the first and last terms in the inequality chain are the same,
equality holds throughout. Therefore, |E(Q, Hyy)| = |E(Q, Hyy \ Q)], and so d(Hyy) = d(Hyy \ Q).
Thus, Hyy \ Q € H. Since z,y € Hy, UH,;, x,y € Hyy \ Q. Furthermore Hyyy \ Q € Hy,yy. Since Hy,y
is a minimial element of H{ containing x and y, it must be that Hy, \ Q@ = Hyy, and thus Q =0. O

The next claim completes the proof of Theorem [I.4] because the conclusion of this claim is in
direct contradiction with the conclusion of Lemma [6.1] O

Claim 6.4. There exist non-empty and pairwise disjoint sets X,Y,Z C Vq such that X,Y,Z, X U
YXUZYUZ XUYUZ€eH, and 6(X),6(Y),5(Z) are not all equal.

Proof. Let x,y,z € V1 be such that x ¢ Hy., y € H,., and z ¢ H,,, and the three hyperedge sets
d(HyyNHyz),0(HyyNHy), and 6(H,, N Hy;) are not all equal. Such z,y, z exist by Clalm. Let

X' = HyyNH.,
Y = H,y N H,., and
7' = H,, N H,..
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By Claim [6.3] we have that Hyy \ (Hz, U Hy), Hy. \ (Hpy U Hy), and Hy, \ (Hyy U Hy,) are all
empty, and hence Hyy = X' UY', H,, = X' UZ', and H,, =Y'U Z’. Let

U:= H,, N H,. N H,.,
W := H,, U H,. U H,.,

X :=X"\U,
Y :=Y'\ U, and
Z:=7'\U.

Since Hyy and H,, cross (because x € Hyy N Hy, y € Hyy \ Hy, and z € Hy, \ Hgy), we have
that X’ € H. Since x ¢ Hy., we have that x ¢ U, and hence z € X, so (X, X) is a cut. Therefore,

d(X) = d(X'). (22)

The hyperedges which are in 6(X) but not 6(X’) are the hyperedges of E(X,U). The hyperedges
which are in 6(X’) but not §(X) are the hyperedges of E(U,Y), E(U,Z), E(UW), E(U,Y, Z),
EU,Y,W), E(U,Z,W), and E(U,Y, Z,W). Thus, Equation implies that

[E(X,U)| > |E(U,Y)| + |EU, 2)| + | EU, W)+
[E(U.Y, 2)| + |EU,Y.W)| + |E(U, Z,W)| + |E(U.Y, Z,W)|.

We can derive symmetric inequalities for |[E(Y,U)| and |E(Z,U)| by exchanging variable names in
the preceding argument. Summing these three inequalities together, we have that

S OBAU) =2 S (BAU) +EAUW)|) + 3| EU, W)+
AE{X)Y,Z} Ae{X,Y,Z}
BE(U,X,Y)| + |E(U, X, 2)| + | E(U,Y, Z)|+
[E(U, X,Y,W)| + [E(U, X, Z,W)| + |E(U,Y, Z,W)|.

Subtracting |E(X,U)| + |E(Y,U)| + |E(Z,U)| from both sides of this inequality, we have that
E(U,X),E(U,Y), B(U,Z), E(U,W), E(U,Y, Z), E(U,Y,W), E(U, Z,W), and E(U,Y, Z,W) are
all empty. Thus, 6(X) = 0(X’), so X € H. Similarly, all of the hyperedges in §(X’UY”) which are
not in §(X UY') are from sets that we have concluded are empty, so (X UY') = (X' UY") = 6(Hzy).
Thus, X UY € H. Symmetrically, Y, Z, X U Z, and Y U Z are all in H as well. Since X UY and
Y U Z cross, we have that X UY U Z € H, by Corollary [6.1] Since z € X, y € Y, z € Z,
X,Y, and Z are all non-empty. By definition, X, Y, and Z are disjoint. Since {6(X),d(Y),0(2)} =
{0(X"),6(Y"),0(Z2")} = {0(HayNHyz), 0(HypyNHyz),0(Hy-NHy.)}, we have that the three hyperedge
sets 6(X),0(Y),6(Z) are not all equal, by the guarantee that we obtained from Claim [6.2] Thus,
X,Y, Z satisfy the conditions of the claim we are proving. O

7 Conclusion and Open Problems

Several works in the literature have approached global cut and partitioning problems via minimum
(S, T)-terminal cuts (e.g., see |2,/3,/16,/17,34]). Our work adds to this rich literature by showing
that ENUM-HYPERGRAPH-k-CUT can be solved via minimum (S,T)-terminal cuts. As a special
case, our approach leads to a more straightforward approach to enumerate all minimum cut-sets in
a given hypergraph. We mention a couple of open questions raised by our work.
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1. For a long time, the known upper bound on the number of minimum k-partitions in connected

graphs was O(n?¥~2) 52838 while the known lower bound was Q(n*) (cycle), where n is the
number of vertices in the input graph. A recent result improved the upper bound to O(n*)
for fixed k which also resulted in a faster randomized algorithm to solve GRAPH-k-CUT for
fixed k [18,122]. We currently know that the number of minimum k-cut-sets in hypergraphs
is O(n?*=2) and is Q(n*) (the lower bound comes from graphs). Can we improve the upper
bound on the number of minimum k-cut-sets in hypergraphs to O(n*)?

. Can we improve the deterministic run-time to solve ENUM-HYPERGRAPH-k-CUT? Our deter-

ministic algorithm for ENUM-HYPERGRAPH-k-CUT runs in time no(kg)p, where p is the size of
the input hypergraph. In particular, the run-time of our algorithm has a quadratic dependence
on k in the exponent of n. In contrast, the number of optimum solutions is only O(n2k*2)—
i.e., linear dependence on k in the exponent of n. We note that ENUM-GRAPH-k-CUT as well
as HYPERGRAPH-k-CUT can be solved deterministically in n®®)p time [2,/5,/38].
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A  Proof of Theorem [1.5]

We prove Theorem in this section. We will need certain partition uncrossing and partition
aggregation results from |2| that rely on more careful counting of hyperedges than simply employing
the submodularity inequality. We begin with some notation that will help in such careful counting—
our notation will be identical to the notation in [2]. Let (Y7,...,Y,, W, Z) be a partition of V. We
recall that cost(Y3,...,Y,, W, Z) denotes the number of hyperedges that cross the partition. We
define the following quantities:

1. Let cost(W,Z) := {e | e CWUZ,enNW # 0,enZ # 0}| be the number of hyperedges
contained in W U Z that intersect both W and Z.

2. Let a(Y1,...,Y,, W, Z) be the number of hyperedges that intersect Z and at least two of the
sets in {Y7,...,Y,, W}

3. Let p(Y1,...,Y), Z) be the number of hyperedges that are disjoint from Z but intersect at
least two of the sets in {Y7,...,Y,}.

For a partition (Y1,...,Y,, W, Z), we will be interested in the sum of cost(Y1,...,Y,, W, Z) with
the three quantities defined above which we denote as o(Y1,...,Y,, W, Z), ie.,

o(Yi,..., Yy W, Z) :=cost(Y1,. .., Yy, W, Z) + cost(W, Z) + a(Yi,..., Yy, W, Z) + B(Ya, ..., Yy, Z).

The precise interpretation of the quantity o(Y1,...,Y,, W, Z) will not be important for our purposes—
see [2| for the interpretation.

The following result from [2| shows that a collection of sets can be uncrossed to obtain a partition
with small o-value. We note the similarity of the hypothesis of Lemma with the hypothesis
of Theorem [I.5] and once again, refer to Figure [I] for an illustration of the sets that appear in the
statement of Lemma [A1]

Lemma A.1. [2] Let G = (V, E) be a hypergraph and ) # R CU C V. Let S = {u1,...,up} C
U\R forp > 2. Let (A, A;) be a minimum ((S U R) \ {w;},U)-terminal cut. Suppose that
u; € Ai \ (Ujep)\fiyAj) for every i € [p]. Let

Z = ﬂlefi, W = Ui<icj<p(4i N A;), and Y; := A; — W Vi € [p].
Then, (Y1,...,Y,, W, Z) is a (p + 2)-partition of V with
o(Y1,...,Y,, W, Z) <min{d(4;) +d(4;) : 4,5 € [p],i # j}.
Moreover, if p = 2, then the above inequality is an equation.

The next lemma from [2] will help in aggregating the parts of a ¢-partition P where ¢ > 2k to
a k-partition K while controlling the cost of /.

Lemma A.2. (2] Let G = (V, E) be a hypergraph, k > 2 be an integer, and (Y1,...,Y,, W, Z) be a
partition of V' for some integer p > 2k — 2. Then, there exist distinct i1,...,ix—1 € [p] such that

2cost (Y LY LV (u;?;llyij)) < cost(Yn, ..., Yy, W, Z)+a(Y1, ..., Yy, W, Z)+B(Y1, ..., Y, Z).

We now restate and prove Theorem
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Theorem 1.5. Let G = (V, E) be a hypergraph, k > 2 be an integer and ) # R C U C V. Let
S ={uy,...,up} CU\R forp>2k—2. Let (A;, A;) be a minimum ((SU R) \ {u;},U)-terminal
cut. Suppose that u; € A; \ (Ujep(iyAj) for every i € [p]. Then, the following two hold:

1. There exists a k-partition (Py,...,Py) of V with U C Py such that

cost( P, ..., Py) < %min{d(Ai) Vd(Ay) i, € [p)i # 5).

2. Moreover, if there exists a hyperedge e € E such that e intersects W = Ui<j<j<p(A4i N A;),
e wntersects Z := Nic[p)Ai, and e is contained in W U Z, then the inequality in the previous
conclusion is strict.

Proof. For the first conclusion of the theorem, we will use the same proof that appeared in [2|. We
need the details of this proof to prove the second conclusion of the theorem.

We begin by proving the first conclusion. By applying Lemma we obtain a (p+ 2)-partition
(Y1,...,Y,, W, Z) such that

o(Yi,...,Yp, W, Z) < min{d(Ay) + d(A;) : i, € [pl.i # 5}

and moreover, U C W, where Y; = A;—W for all i € [p], W = Uj<icj<p(4iNA;), and Z = m,-e[p]E.
We recall that p > 2k —2. Hence, by applying Lemmato the (p+2)-partition (Y1,...,Y,, W, Z),
we obtain a k-partition (P, ..., Pg) of V such that WU Z C Py and

1
COSt(Pla"'vpk) < §(COSt(Y1,...,Y},,VV,Z)+OC(Y1,...,YED,VV,Z) +B(YI77Y;)7Z)) (23>
1
< B (cost(Y1,...,Y,, W, Z) + cost(W, Z) + a(Y1,...,Yp,, W, Z) + B(Y1,...,Y,, 2))
(24)
1
= S0V, Y W, 2) (25)
1 . . .,
< L min{d(4) +d(4)) . € i # ). (26)

We note that U is strictly contained in Py, since UUZ C W U Z C P, and Z is non-empty.

We now prove the second conclusion of the theorem. If there exists a hyperedge e € E such that
e intersects W, e intersects Z, and e is contained in W U Z, then cost(W, Z) > 0. Consequently,
inequality in the above sequence of inequalities should be strict. O
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