IE 511: Integer Programming, Spring 2025 8 Apr, 2025

Lecture 21: Structured IP Solving Techniques: Primal-Dual Technique
Lecturer: Karthik Chandrasekaran Scribe: Karthik

Disclaimer: These notes have not been subjected to the usual scrutiny reserved for formal publi-
cations.

In the primal-dual technique to solve optimization problems, we maintain a dual feasible solution
and try to find a primal feasible solution that satisfies complementary slackness. We will illustrate
this technique through an algorithm for the assignment problem.

Assignment Problem

Given: A complete bipartite graph G = (Vi U V5, E) : |[Vi| = |Vo| =n,w: E - R
Goal:  max{}_;;cy wij : M is a perfect matching in G}

Assignment problem is equivalent to the max weight perfect matching problem in bipartite graphs.
We have seen the following IP for the assignment problem.

2 oim1 2= Wigig 1 D oy wij = 1 Vi € [n]
IP := max Yoz =1Vj € [n]
x5 € {0,1} Vi, j € [n]

We saw that it is sufficient to solve the following LP-relaxation, known as the Assignment LP:

Dt Dot Wi ¢ i Tij = 1 Vi € [n]
LP(w) := max Sz =1V) € [n]
zi5 > 0 Vi, j € [n]

We will develop an algorithm to find an integral optimum solution to the assignment LP. We will
refer to a feasible solution to the assignment LP as an assignment. Note that an assignment z
could be fractional. We have the following dual to the assignment LP (note that the variables are
u and v below and they are free variables with no non-negativity conditions, see Figure :

n n
D(w) := min Zuz —i—Zvj tup +vj > wij Vi, j € [n]
i=1 j=1
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Figure 21.1: The dual program has variables corresponding to the vertices of the graph and con-
straints corresponding to the edges of the graph.

21.1 Optimality Condition

We can use complementary slackness to derive an optimality condition for the assignment LP.

Lemma 1. Suppose that there exist ui,...,un,v1,...,0, € R and an assignment x such that
(Z) U + Vj — Wiy >0V, g€ [n]

1 W if o
fi) g = 4 T =
0 otherwise.

Then x is optimal to LP(w).

Proof. Duality and complementary slackness. O

21.2 Algorithm

Algorithm Outline: Maintain a dual feasible solution (u,v). Try to find a perfect matching using
only the tight edges, i.e., using only the edges in

E = {ij 1 u; +vj = wi;}.
If we find such a perfect matching, then we have an optimum solution. If not, then the current
dual solution is not optimum so we will modify the dual values. We formalize this in Algorithm 2.
Algorithm 2: Let u,v be an initial dual feasible solution.

Repeat:

1. Primal step: E := {ij : u; +vj = w;;}.
Find a max cardinality matching M in G = (V; U Vi, E) (using Algorithm 1).
If |[M| = n, STOP and return M.

Else, let V1+, V2+ be the labeled vertices upon termination of the max cardinality matching
algorithm from previous lecture. Let Vi~ := V3 \ V;, Vot = Vo \ V1.
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Figure 21.2: Edges of interest in the dual update step

2. Dual update: 6 := min{u; +v; —w;; : i € V|7, j € Vy } (see Figure [21.2)).
ui<—ui—5ViEV1+.
Vj (—Uj—l-(SVjEV;.
We now analyze the algorithm. We begin by showing that the dual update indeed modifies the
dual solution.

Proposition 2. § > 0 in dual update.

Proof. We have already seen in the analysis of Algorithm 1 that there is no edge of E between Vfr
and V, . This means that u; +v; —w;; >0 Vi € V1+,j S ]

21.3 Correctness

We now show that the algorithm is indeed correct. For this, we need to show that the dual update
preserves dual feasibility.

Lemma 3. After a dual update, the new solution (u™";v"™") is still dual feasible.

Proof. Let i,j € [n]. We have four possibilities.

_ 1d 1d
u?ew—i—U;eW—wij—u? —54—’0? —1—5—10”'20.

new new .. — p0ld old _ ., .
ul +Uj — Wi = ug —|—vj wi; > 0.

1

new new .. _ ,old old ..
™ + 0 —wiy = ugC 07+ 6 — wi; > 0.

I

u Y + vV —w; = ugd — § + v;-ﬂd +6—w;; >0 (by choice of §).

By Lemmas [T] and [3], we have the following result:

Corollary 4. If algorithm terminates, then it returns an optimal solution.
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21.4 Termination and Runtime

We now show that the algorithm will terminate and in particular, it will terminate in polynomial
number of iterations. Suppose that the algorithm has not terminated at the end of the primal step.
Under this assumption, we will prove a series of claims that will show that the algorithm is making
progress.

Claim 5. |V["| > |V,1].

Proof.

vy D DV!—

Each vertex of V2+ is adjacent to a matching edge whose other end vertex is in V1+. This tells us
that [V;"| > |V,'|. But V4 has at least one exposed node. Therefore, |V;T| > [V;F|. O

From Claim [5| and Corollary {4 the dual objective value after the dual update step decreases by
§ (|Vi*] = |V5"|) > 6 > 0. This fact suggests that the algorithm makes improvements towards the
dual optimum.

Caution: Although this fact implies that the algorithm is making progress, it does not imply finite
termination: it is possible that d is becoming smaller and smaller and the objective value of the dual
solution constructed by the algorithm keeps getting closer and closer to the dual optimum objective
value but never attains the dual optimum objective value. So, we need more arguments to show
termination. The next claim is the crucial observation that allows us to show finite termination.

Claim 6. The labels V1+ and V2Jr are valid after the dual update, i.e., they still correspond to
M -alternating paths.

Proof.

JIy
VWB Du.

For i € V;" and j € V" we have u}*V + vV —wy = ugd + v;?ld —w;j > 0. Graph G"®" restricted

to the vertices in V;L U Vf is a supergraph of G° restricted to the vertices in V; U Vfr. O
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Claim 7. If |M| has not increased after the next primal step, then |Vy'| increases.

Proof.

By Claim_|§| and by the choice of d, an edge ij between a vertex i € V1+ and a vertex j € V, is
added to E. This enables j to become a labeled vertex in the next primal step. O

Claim |7, [V5"| < n, and Claim @ together imply that the cardinality of the maximum matching
found in the primal step must increase after at most n dual updates. Also, the cardinality of the
matching can increase at most n times. Thus, we have the following corollary:

Corollary 8. Algorithm 2 executes at most n® dual updates. FEach dual update examines at most
n? edges. Hence, Algorithm 2 can be implemented to run in O(n*) time.

Hence, we have shown the following theorem:

Theorem 9. There exists an algorithm that solves the assignment problem in O(n*)-time.

21.5 Solving techniques for unstructured IPs

So far, we have focused on structured IPs and seen how to solve them—via either reduction to
LPs or primal or primal-dual or DP. Next, we move to solving techniques for general IPs, i.e.,
unstructured IPs. These solving techniques may not necessarily be polynomial-time. We will see
solving techniques and also emphasize the general theory underlying these solving techniques.

Recall that a general/unstructured IP is of the form

max{c'z : Ax < b,x € Z"}.
21.5.1 Pre-Processing
Given an unstructured IP, we first pre-process the IP. This involves three steps, namely

1. tightening bounds,
2. removing redundant constraints, and

3. fixing variables.
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These steps are also performed while solving LPs. Let us illustrate these steps with an example.
Example:
max 2x1 + T3 — x3
5r1 — 2x9 + 8x3 < 15
8r1+ 312 —x3>9
1+ 29 +2x3<6 —remove
after tightening bounds

0<z1 <3 7/8 < 21 <9/5
0 S X9 S 1
1< a5 after tightening bounds 1< 25 < 101/64

T1,%2,T3 € Z

1. Tighten bounds:

o 5xy <15+ 2x9—8r3<154+2—-8 = 21 <9/5

o 813 < 15— 5r1 + 200 <15 —0+2=17 = 23 < 17/8

e 811 >9—-3x9+23>9-341=7 = 21 >7/8

o 8r3 <15 —5x; + 222 <15-5(7/8) +2=101/8 — x3 <101/64

2. Remove redundant constraints: x1 + xo + 3 < 6 becomes redundant so remove it.
3. Fiz Variables:
e Increasing xo will not violate the constraints and will improve the objective. Therefore,

x2 = 1 in the optimal solution (if it exists).

e 1 < x3 <101/64 and z3 € Z which implies that x3 = 1 in the optimal solution (if it
exists).

e 7/8 < x1 <9/5 and z; € Z which implies that z; = 1 in the optimal solution (if it
exists).

After fixing variables, we need to verify feasibility. We see that 1 = 1,29 = 1,23 = 1 does not
violate any constraint and is hence an optimal solution.

In the above example, we were lucky to obtain an optimal solution purely by pre-processing. This
lucky situation may not happen with all unstructured IPs. However, pre-processing goes a long
way towards simplifying the instance and getting to the difficult part of the instance.
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