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We will see primal technique and primal-dual technique to solve discrete optimization problems.
Both techniques are iterative in natural and have the following features:

1. Primal Technique: In this technique, we maintain a primal feasible solution and try improve
it. This is similar to the primal simplex method but for IPs.

2. Primal Dual Technique: In this technique, we maintain a dual feasible solution and try to
find a primal feasible solution that satisfies complementary slackness with the current dual;
if we are unable to do this, then we modify the dual solution suitably. This is similar to the
dual simplex method but for IPs.

These techniques are broadly applicable for any optimization problem, let alone discrete optimiza-
tion problems/IPs. We will illustrate these techniques for discrete optimization problems through
specific applications.

20.1 Primal Technique

Today we will see the primal technique to solve discrete optimization problems. We will see max
cardinality matching in bipartite graphs as a concrete application to illustrate the primal technique.

Recall: Max Cardinality Matching in Bipartite Graphs

Definition 1. Let G = (V,E) be a graph. A matching M ⊆ E is a set of edges with each
vertex in V adjacent to at most one edge in M .

Definition 2. Let G = (V,E) be a graph. A vertex cover is a set R ⊆ V such that every
edge e ∈ E is incident to at least one of the vertices of R.

Weak duality: |M | ≤ |R| for all matching M and vertex cover R in G.

Max Cardinality Matching:
Given: A graph G
Goal: max{|M | : M is a matching in G}

IP: max{
∑

e∈E xe :
∑

e∈δ(v) xe ≤ 1 ∀v ∈ V, xe ∈ {0, 1} ∀e ∈ E}

Recall that if G is bipartite, then the LP-relaxation to the above IP has an integral optimum
solution. But how do we solve this LP-relaxation? Via ellipsoid, which is a polynomial-time
algorithm but tends to be slow. We will see an algorithm to solve the IP in bipartite graphs
without relying on the LP-relaxation.
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Observation. Feasible solutions to the integer program corresponds to a matching in the graph.

Primal algorithm outline: We will maintain a feasible solution to the IP and aim to improve it in
each iteration.

20.1.1 How to improve the primal solution?

Let us examine how to construct a matching of larger cardinality, or rather, how do we verify if a
given matching is indeed a matching of maximum cardinality?

Example: See Figure below. This example motivates the definition of M -alternating and M -
augmenting paths.

Figure 20.1: A larger matching than M can be obtained by considering the path 1−2−6−3−4−5
and swapping the non-matching edges with the matching edges in the path.

Definition 3. Let M be a matching in G = (V,E). An M -alternating path is a path P =
v0 e1 v1 e2 . . . et vt such that ei = vi−1vi for all i ∈ [t] and

1. e2, e4, . . . , eeven ∈ M (even edges are in the matching)

2. e1, e3, . . . , eodd ∈ E \M (odd edges are not in the matching)

3. v0 is not incident to any edge in M . We call vertices that are not incident to edges of M to
be M -exposed vertices.

In the above example, the path 1, 12, 2, 26, 6, 63, 3, 34 is an M -alternating path. The vertex 1 is
an M -exposed vertex.

Definition 4. An M-augmenting path is an M -alternating path such that

4. the vertex vt is not incident to any edge in M .

Note: An M -augmenting path always has t to be odd.

An M -augmenting path tells us how to augment a matching i.e., improve the current matching M
to achieve a larger matching. See Figure below.
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Figure 20.2: An M -augmenting path tells us how to augment a matching

Lemma 5. Let M be a matching and P be an M-augmenting path. Then M ′ = M △ E(P ) is a
matching with |M ′| > |M | where M △ E(P ) := (M ∪ E(P )) \ (M ∩ E(P )) (here, M △ E(P ) is
known as the symmetric difference between M and E(P )).

Proof. The vertices v0 and vt are not incident to M , therefore, M ′ is a matching.

Since t is odd, |P ∩ (E \ M)| = |P ∩ M | + 1. It means that the number of non-matching edges
in the path is one more that the number of matching edges in the path. Therefore, |M ′| =
|P ∩ (E \M)|+ |M \ P | = |P ∩M |+ 1 + |M \ P | = |M |+ 1 > |M |.

So, the existence of M -augmenting path implies that M is not optimal. We will now show that
this is the only possible reason for M to be sub-optimal.

Lemma 6. A matching M is a maximum cardinality matching in G iff there is no M -augmenting
path in G.

Proof. =⇒ : Lemma 5

⇐= : We will show the contrapositive. Suppose M is not a maximum matching in G. We will
show that there exists an M -augmenting path. Since M is not maximum, there exists a matching
M ′ in G with |M ′| > |M |. Let H = (V, F ) where V = V (G) and F = M △M ′. The degree of each
vertex in H is 0, 1, or 2 which implies that the connected components in H are vertices, paths, or
cycles.

Let C be a cycle in H.

Edges in C alternate between M and M ′, therefore, each cycle in H contains the same number of
edges from M and M ′.

Let P be a path in H.
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The path P can be even or odd length (can all paths in P be of even length? No; if so, then
|M | = |M ′| which is a contradiction).

We have |M | > |M ′|. Therefore, at least one of the paths P must contain more edges from M ′

than M . This path P is an M -augmenting path.

20.1.2 Matching Augmentation Problem

By Lemma 6, finding a maximum cardinality matching boils down to finding an M -augmenting
path if one exists or confirming that no M -augmenting paths exist, i.e., it suffices to solve the
following matching augmentation problem:

Matching Augmentation Problem

Given: A graph G = (V,E) and a matching M in G.
Goal: Find an M -augmenting path or prove that no M -augmenting path exists.

We will design an algorithm for the matching augmentation problem in bipartite graphs.

Remark. This primal approach for max cardinality matching (by solving the matching augmen-
tation problem) is very similar to finding max s, t flow. Recall that in order to solve max s, t flow,
we repeatedly find a flow-augmenting path and use it to augment the flow. Such techniques are
called primal augmentation techniques.

Let G = (V1 ∪V2, E) where each edge has one end-vertex in V1 and the other end-vertex in V2. Let
M be a matching in G.

We need to search for a M -augmenting path in a bipartite graph. An M -augmenting path P is
of odd length and G is bipartite. Therefore, if one of the M -exposed vertices of P is in V1 then
the other M -exposed vertex of P should necessarily be in V2. So, it suffices to start enumerating
M -alternating paths from V1.

We will search for an M -augmenting path along the following lines:

• Start labeling all vertices in V1 that are M -exposed. These are the candidates to be the first
vertex of an M -augmenting path.
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• The first edge (odd edge) of an M -augmenting path should be a non-matching edge (i.e., in
E \M). So, all non-matching edges (i.e., edges in E \M) incident to labeled vertices in V1

are candidates. So label the end vertices of these edges in V2.

• The second edge (even edge) of an M -augmenting path should be a matching edge (i.e., in
M). So, all matching edges (i.e., edges in M) incident to labeled vertices in V2 are candidates.
So, label the end vertices of these edges in V1.

• Follow the above rules repeatedly to label.

• If we cannot label then

(i) either we have a vertex of V2 that is labeled but M -exposed,

(ii) or no more vertices can be labeled.

If (i), then we have an M -augmenting path. If (ii), then we will see that the matching M is
optimal.

The formal algorithm to solve the matching augmentation problem is summarized in Algorithm 1.
We now prove the following guarantee about Algorithm 1 showing that if the algorithm terminates
without finding an M -augmenting path, then M is a max cardinality matching.

Algorithm 1 Algorithm to solve Matching Augmentation

Input. G = (V1 ∪ V2, E) and a matching M in G

1. Give label 0 to each M -exposed vertex in V1

2. Repeat:

(a) Scan labeled vertices i ∈ V1 that are unscanned:

• ∀ij ∈ E \M with j unlabeled, set label(j) = i

(b) Scan labeled vertices j ∈ V2 that are unscanned:

• If ∃ ji ∈ M , then set label(i) = j

• Else if j is M -exposed, then go to Step 3 with j

(c) If no new vertices are labeled, then go to Step 4

3. (Augmentation): Use the labels to backtrack from j ∈ V2 to find an M -augmenting path P
and return M △ E(P )

4. (No new label): Let V +
1 , V +

2 be the vertices of V1, V2 that are labeled. Let V −
1 := V1 \ V +

1

and V −
2 := V2 \ V +

2

Theorem 7. Suppose that Algorithm 1 terminates with no new labels. Then,

(i) R = V −
1 ∪ V +

2 is vertex cover in G and

(ii) |M | = |R| and hence, M is optimal.
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Figure 20.3: V −
1 ∪ V +

2 is a vertex cover.

Figure 20.4: Every matching edge incident to a vertex in V +
2 has its other end vertex in V +

1 ; every
matching edge incident to a vertex in V −

1 has its other end vertex in V −
2 .

Proof. (i) See Figure 20.3. There is no edge v1v2 ∈ E \ M such that v1 ∈ V +
1 and v2 ∈ V −

2

(otherwise, the algorithm would have continued labeling v2 and not terminated). Also, there
is no edge v2v1 ∈ M such that v2 ∈ V −

2 and v1 ∈ V +
1 that is in M (otherwise, the algorithm

could not have labeled v1). Therefore there are no edges within V \R. Hence, R = V −
1 ∪ V +

2

is a vertex cover in G.

(ii) We know that |M | ≤ |R| because R is a vertex cover in G. We will show that |M | ≥ |V −
1 ∪V +

2 |.
That is, we will show that there are lot of matching edges.

Termination by 4 (i.e., due to no new label) and not by 3 (i.e., no augmenting path) implies
that every vertex u of V +

2 is incident to an edge e of M whose other end-vertex is in V +
1 .

Also, every vertex u of V −
1 is incident to an edge e of M (otherwise, such vertex will have

labels and be in V +
1 ). The other end-vertex of e should be in V −

2 (otherwise, u would have
been labeled).

Therefore, we can associate a unique vertex for each edge of M that is in either V +
2 or V −

1

(see Figure 20.4). Therefore, |M | ≥ |V +
2 |+ |V −

1 | = |V +
2 ∪ V −

1 | = |R|.

Next, we bound the run-time of Algorithm 1.

Lemma 8. Algorithm 1 terminates in at most |V | iterations.

Proof. Each iteration of the algorithm labels at least one new node.

Note that each iteration of the algorithm runs in at most |E| time. So, the total run-time of
Algorithm 1 is O(|V ||E|). We can repeatedly use an augmentating path to increase the size of the
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matching; note that we can increase it at most |V |/2 times (since the size of a matching in the
graph is at most |V |/2). Thus, we have proved the following theorem:

Theorem 9. There exists an algorithm to find max cardinality matching in bipartite graphs that
runs in O(|V |2|E|) time.
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