IE 511: Integer Programming, Spring 2025 25 Mar, 2025

Lecture 17: Linear Equations Integer Feasibility Problem
Lecturer: Karthik Chandrasekaran Scribe: Karthik

Disclaimer: These notes have not been subjected to the usual scrutiny reserved for formal publi-
cations.

We now consider another special case of integer programs—namely, Linear Equations Integer Fea-
sibility Problem (LEIF). Given a constraint matrix A € Z™*", and a RHS vector b € Z™, we have
the following feasibility problems:

Integer Program: Does there exist x € Z™ : Ax = b,z > 07 (NP-complete)
Linear Program: Does there exist + € R" : Az = b,z > 0?7 (Ellipsoid Algorithm)
Linear Equations: Does there exist € R" : Ax = b? (Gaussian Elimination)
LEIF: Does there exist x € Z" : Ax = b? (7)

Observe that Integer Program has two relaxations: Linear Program and LEIF. Moreover, Linear
Equations is a relaxation of Linear Program. We have spent the last few weeks focusing on the
LP-relaxation of the problem. Today, we will focus on the other relaxation, namely LEIF. Note
the similarity of LEIF to Linear Equations.

Linear Equations admits an efficient algorithm via Gaussian Elimination. Linear Program also
admits an efficient algorithm via the Ellipsoid algorithm. How about LEIF? Is it also NP-complete
or does it admit an efficient algorithm?

17.1 Example

Let us see an example to understand how we would go about solving LEIF.

Example:
21 6 4 il 1
72 5 5|72 =13 (17.1)
8 3 33 10| |*3 1
Ty

Does there exist x1, x9, 3, x4 € Z satisfying system (17.1))7
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We can conclude that it has no integral solution as follows:

3z € Z* satisfying system (17.1))

(1 6 2 4 1
—JzeZ*:|2 5 7 5|z=|3
3 33 8 10 1
(1 0 0 O 1 co o — 6y
— Jyez*: |2 -7 3 =3|y=|3 s es— 26
3 15 2 -2 1 oo e
1 0 0 0 1
< 2
—JreZ': |2 -1 3 0|lz=13 C2 < 2+ 2¢3
3 19 2 0 1 Cq 4 C4 + c3
1 0 0 O 1
<__
—Jzez': |2 1 0 0jlz=|3 C2 Co
3 —19 59 0 1 €3 < c3+3c2
— Jr e Z*:
1‘1:1

2x1 + x0 = 3, e, xo =1
3x1 — 1929 4 5923 =1, i.e., 59x3 = 17 = No integral solution

Therefore, there is no integral solution for the system ((17.1).

The first <= is obvious since it is equivalent to relabeling the variables. Here is a brief argument
for why the second <= holds: Suppose that there exists © € Z* satisfying the first system.
Then, set y1 = x1 + 6z + 223 + 4x4,y2 = x2,y3 = T3,Y4 = x4 to obtain an integral solution
for the second system. Similarly, if there exists y € Z* satisfying the second system, then setting
x1 = y1 — 6y2 — 2ys — 4y4, T2 = Y2, T3 = Y3, T4 = Y4 gives an integral integral solution for the first
system. The arguments for the remaining <= are similar.

Note that each individual step above holds because we are adding an integral multiple of some
column to another column or we are negating the sign of a column or we are exchanging columns. In
particular, we are never dividing any column by an integer in our column operations or multiplying
any column by an integer whose absolute value is more than one.

17.2 Short certificate of infeasibility

Next, we will discuss how to obtain a short proof/certificate that a linear system of equations has
no integral solution.

A short certificate of no integral solution z for system (17.1) can be obtained via the following
proposition.

Proposition 1. Consider the system Ax = b. If there exists a vector y such that y' A is integral,
but y*'b is not an integer, then the system Az = b has no integral solution.

Proof. Say Az = b had an integral solution Z. We should have 37 Az = y’'b for every vector y.
Since 7 is integral and the vector y is such that y” A is integral, it follows that y”'b (which is equal to
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y? Az) should be an integer. This contradicts the choice of 3 in the proposition and hence, Az = b
has no integral solution. O

Let us reconsider the example again and see how to obtain a vector y satisfying the hypothesis

of Proposition Consider the final matrix B which was obtained by column operations in the
previous lecture, i.e.,

1 0 0

B=12 1 0

3 —19 59

Compute
-1 0
Bl=]-2 1

4119
59 59

g o o

Consider the transpose of the last row,

Note that y7 A = [1 01 —2] is integral where A is the constraint matrix of system 1) but
y'b = éi is not an integer; so, y is a short certificate of no integral solution for the system ()

Next, let us formalize how to obtain such a short certificate of no solution to the linear equations
feasibility problem (LEIF). In particular, we will see that the converse of Proposition also holds—
i.e., if there is no y such that y” A is integral but y”b is not an integer, then the system Az = b
indeed has an integral solution.

17.3 Hermite Normal Form

In the example, we essentially did an integral version of Gaussian elimination to obtain the short
certificate for no integral solution. In Gaussian elimination, we end up with a matrix that is in row-
reduced echelon form. For Linear Equations Integer Feasibility Problem, matrices in the following
form are helpful to derive a short certificate of no solution.

Definition 2. Let A be a m x n rational matrix. The matrix A is in Hermite Normal Form (HNF)
if A= [B O] where B is lower-triangular, has non-negative entries, with the diagonal entry being
the unique maximum entry in each row.

Similar to Gaussian elimination which converts a matrix to row-reduced echelon form by elementary
row operations, we can convert a rational matrix to HNF by certain elementary column operations.
Note what we call as “elementary column operations” in the following theorem.

Theorem 3. FEvery rational matric M of full row rank can be converted to HNF by a sequence of
elementary column operations which involve:

(i) exchanging columns,

(ii) multiplying a column by —1, and
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(iii) adding an integral multiple of one column to another.

Proof. Exercise. Hint: See the example above.

By this theorem, HNF(M) = MC for some integral matrix C'. Hence, the HNF of an integral
matrix will always be integral. This is summarized in the following corollary.

Corollary 4. If M is integral, then HNF(M) is also integral.

Moreover, if A has full row rank, then we can assume C' to be a unimodular matrix, where
HNF(M) = MC as summarized in the theorem below (recall that a matrix U is unimodular if
it is integral and det(U) € {41}; moreover, a matrix U is unimodular iff U~! is unimodular).

Theorem 5. If A has full row rank, then

(i) HNF(A) is unique and
(ii) there exists a unimodular matriz U such that HNF(M) = MU .

Proof. Exercise. Hint: Revisit the proof of Theorem |3,

17.4 Integer Farkas Lemma

With the background on HNF, we can now derive a Farkas type theorem for Linear Equations
Integer Feasibility Problem.

Theorem 6 (Integer Farkas Lemma). Let Ax = b be a rational linear system. There exists an
integral solution x satisfying Az = b iff there does not exist a rational vector y such that yT A is
integral and y*'b is not an integer.

Proof. The forward direction follows by Proposition We prove the reverse direction. Suppose
yTb is an integer for all y such that y” A is integral. This means that there is no y such that
yT A =0 and y7b is not an integer. This implies that there is no y such that y” A = 0 and y”b # 0
(otherwise, scale y to violate the previous statement).

By theorem of alternatives (i.e., Linear Equations Feasibility Characterization), this implies that
Ax = b has a solution x € R".

We may assume that rows(A) are linearly independent (otherwise, work with a linearly independent
subset of rows of A and the corresponding columns of b), i.e., A has full row rank.

Let HNF(A) = AU for some unimodular matrix U. Then AU = [B 0] where B is invertible. Then
B7'[B 0] = [I 0]. Therefore, by taking y* = [B~!]; for any row j of the matrix B~ makes
y? B integral. That is, y! [B O] is integral which means that y” AU is integral, i.e., yT AUU ! is
integral (since U is unimodular). Therefore, 4”7 A is integral and hence, y”b should be an integer.
Thus, y' b is an integer for all rows y? of B~1.

Therefore, B~ is an integral vector. Now we observe that

HNF(A) {Bolb} = [B 0 [Bolb] =

17-4



~1
This implies that [B 0 b} is an integral solution to the system HNF(A)y = b. Therefore, there

exists an integral solution y to AUy = b. Consequently, there exists an integral solution z to
Az = b (by setting x = Uy).

O]

A feature of the proof. Note that the above proof is constructive in nature: Suppose we can
find HNF(A). Then the proof tells us (1) how to find integral z satisfying Az = b or (2) how to
find a certificate y to show that no such x exists—by computing HNF(A).

Next, in order to solve the Linear Equations Integer Feasibility Problem, we need to understand

1. how to compute the HNF of a given rational matrix efficiently and

2. does HNF(A) have entries bounded in the size of the entries of A?

The next theorem answers these two questions. Its proof is left as an exercise.

Theorem 7. Given a full row ranked rational matriz A, let HNF(A) = AU for some unimodular
matrix U. Then,

(i) size(U) = poly(size(A)) and hence size(HNF(A)) = poly(size(A)) and
(i) U can be found efficiently.

Corollary 8. If a rational linear system Ax = b has an integral solution, then it has one whose
size is bounded by a polynomial in the size of A and b and it can be found efficiently.
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