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12.1 Total Dual Integrality

If P = {x : Ax ≤ b} is integral, then we know that the primal max{cTx : Ax ≤ b} always has an
integral optimum solution along every direction c when the objective value is finite. How about
the dual?

In particular, we saw that if A is TU and the objective vector c is integral, then the dual also has
an integral optimum solution. If c is not necessarily integral, then even if we have a dual optimum
solution that is integral, scaling c by 1

k for large k leads to a dual optimum solution which is not
integral.

For several discrete optimization problems which are solvable efficiently, we have integral dual
optimum solution if c is integral. In order to unify and describe discrete optimization problems
with such dual problems (i.e., dual problems which have an integral optimum solution), Edmonds
and Giles proposed the following definition.

Definition 1 (Edmonds-Giles). A rational linear system Ax ≤ b is totally dual integral (TDI) if
for all integral c with zLP := max{cTx : Ax ≤ b} finite, the dual min{yT b : yTA = cT , y ≥ 0} has
an integral optimum solution.

On first glance, the TDI definition might seem to be unhelpful towards understanding whether
the primal problem has an integral optimum solution—we usually care about whether the primal
problem has an integral optimum solution, so how does knowing whether the dual problem has an
integral optimum solution help us?! In fact, Edmonds and Giles developed the theory of TDI also
as a tool towards proving integrality of the primal. Let us see how TDI can be used as a tool to
show integrality of the primal.

Theorem 2 (Edmonds-Giles). If Ax ≤ b is TDI and b is integral then P = {x : Ax ≤ b} is integral.

Proof. Recall the characterization of integral polyhedron: the polyhedron P = {x : Ax ≤ b} is
integral iff zLP := max{cTx : Ax ≤ b} is integer-valued for all objective directions c ∈ Zn for which
the optimum objective value is finite.

Suppose zLP = max{cTx : Ax ≤ b} is finite. Then by duality,

zLP = min{yT b : yTA = cT , y ≥ 0}.

The right side has an integer optimum solution y∗ by the TDI property of the system Ax ≤ b.
Since b is integral y∗T b ∈ Z and hence zLP is integer-valued. Therefore, for all c ∈ Zn, if ZLP is
finite then ZLP is integer-valued. This implies that P = PI .
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Significance of Edmonds-Giles’ theorem. Recall that we have seen total unimodularity as
one tool that allows us to confirm integrality of a polyhedron. Edmonds-Giles’s theorem shows that
TDI is another tool that allows us to confirm integrality of a polyhedron. We will see applications
of TDI to confirm integrality of a polyhedron in the next few lectures.

Remark 1. We emphasize that TDI is a property of the system Ax ≤ b and not a property of
the polyhedron P = {x : Ax ≤ b} that is defined by that system. See the example below.

TDI is a property of the inequality system

Example: Consider the following two systems.

System 1:

[
1 1
1 −1

] [
x1
x2

]
≤

[
0
0

]
System 2:

1 1
1 −1
1 0

[
x1
x2

]
≤

00
0


Both define the same polyhedron but we will see that system 1 is not TDI while system 2 is
TDI. We write the two primal problems:
Primal 1: max{c1x1 + c2x2 : x1 + x2 ≤ 0, x1 − x2 ≤ 0} and
Primal 2: max{c1x1 + c2x2 : x1 + x2 ≤ 0, x1 − x2 ≤ 0, x1 ≤ 0}.
The corresponding dual problems are
Dual 1: min{0 : y1 + y2 = c1, y1 − y2 = c2, y1, y2 ≥ 0} and
Dual 2: min{0 : y1 + y2 + y3 = c1, y1 − y2 = c2, y1, y2, y3 ≥ 0}
For instance, suppose c1 = 2, c2 = 1. Then
Dual 1: y1 + y2 = 2, y1 − y2 = 1 =⇒ y1 = 3

2 , y2 = 1
2 , i.e., it has a unique dual optimum

solution.

Dual 2: y1 + y2 + y3 = 2, y1 − y2 = 1, y1, y2, y3 ≥ 0 =⇒ y1 =
3− y3

2
, y2 =

1− y3
2

. For

instance, y3 = 1, y1 = 1, y2 = 0 is an integral dual optimum solution.
Indeed y1 + y2 + y3 = c1, y1 − y2 = c2, y1, y2, y3 ≥ 0 has integral feasible solution for every
c1, c2 ∈ Z.

Remark 2. We also emphasize that the RHS vector b being integral is crucial to apply Edmonds-
Giles’ theorem. In particular, the system Ax ≤ b being TDI does not necessarily imply that
P = {x : Ax ≤ b} is integral.

Edmonds-Giles’ theorem tells us that a TDI system with integral RHS describes an integral poly-
hedron. The following theorem gives a converse:

Theorem 3 (Giles-Pulleyblank). Let P be a rational polyhedron. Then

1. There exists a unique minimal TDI system Ax ≤ b with A integral such that P = {x : Ax ≤ b}.

2. P = PI iff the RHS vector b (in the unique minimal TDI system Ax ≤ b with A integral) can
be chosen to be integral.

The first part of the theorem says that every rational polyhedron has a TDI description. However,
the RHS vector b in this TDI description may not be integral. The second part of the theorem says
that the RHS vector b is integral in this TDI description iff P is an integral polyhedron.

In the next couple of lectures, we will focus on matroids, and more generally submodular functions,
and show that an inequality system associated with these structures is TDI. This will in turn
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allow us to solve numerous discrete optimization problems by simply solving an LP-relaxation of a
suitable IP.

12-3


	Total Dual Integrality

